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Abstract 

A natural question in the theory of Tannakian categories is: What if you don't remember 
Forget? Working over an arbitrary commutative ring R, we prove that an answer to this 
question is given by the functor represented by the etale fundamental groupoid 7ri(spec(i?)), 
i.e. the separable absolute Galois group of R when it is a field. This gives a new definition 
for etale 7ri(spec(i?)) in terms of the category of i?- modules rather than the category of etale 
covers. More generally, we introduce a new notion of "commutative 2-ring" that includes both 
Grothendieck topoi and symmetric monoidal categories of modules, and define a notion of tti 
for the corresponding "affine 2-schemes." These results help to simplify and clarify some of the 
peculiarities of the etale fundamental group. For example, etale fundamental groups are not 
"true" groups but only profinite groups, and one cannot hope to recover more: the "Tannakian" 
functor represented by the etale fundamental group of a scheme preserves finite products but 
not all products. 

Keywords: higher category theory, presentable categories, fundamental groupoids, Galois theory, 
categorification, affine 2-schemes, Tannakian reconstruction 
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1 Introduction 

We begin by motivating our paper with a natural question in the theory of Tannakian categories. 
We then provide an overview of our general framework, and finish the introduction with an outline 
of the paper. 

1.1 Motivation: What happens to the Tannaka theorem when there are multi- 
ple "forgetful" functors around? 

Let G be a monoid in Set (for example, a discrete group) and k a field. Denote by '^Vect*^ 
the category of G-representations on /c-vector spaces. It is a symmetric monoidal category, and 
the forgetful functor Forget : '^Vect'^ — ?• Vect*^ that forgets the G structure is a symmetric 
monoidal functor. We denote by End,g, (Forget) the monoid of monoidal natural endomorphisms of 
this functor. Then the following is well known, and follows almost immediately from the Yoneda 
lemma: 

1.1.1 Theorem (Tannaka-Krein Reconstruction) The homomorphism G End® (Forget) 
given by sending g G G to the endomorphism ''act by g" o/ Forget (X) is an isomorphism. Any 
group (or, even, any monoid) is recoverable from its monoidal category of representations along 
with the data of the forgetful functor. ■ 

For reference, see for example [DMOS82, Del90, JS91]. 

1.1.2 Remark Most discussions of Tannaka-Krein theory try to recover a group only from its 
finite-dimensional representations. The Tannaka-Krein theorem would be false as stated if only the 
finite-dimensional representations were given; in that case, End,g, (Forget) would be the profinite 
completion of G. Throughout this paper, when we speak of "modules of a ring" or "representa- 
tions of a group" we always mean to include all modules/representations, including the infinite- 
dimensional ones. ♦ 

Given the Tannaka-Krein theorem, a natural question arises: What can be recovered from the 
symmetric monoidal category if the forgetful functor is not recorded? When /c = C, an answer is 
given by [DM0 S82]: 

1.1.3 Theorem Let G be a discrete group. Up to isomorphism, the forgetful functor is the unique 
symmetric monoidal C-linear cocontinuous functor '^Vect^ —>■ Vect^. ■ 
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(Recall that a functor is cocontinuous if it preserves all small colimits.) 

In general, one should consider the following object, which we will generalize in subsequent 
sections: 

1.1.4 Definition Let G be a small category, and R a commutative ring, and denote by *^MOD^ 
(resp. MOD^) the category of G-representations on i?- modules (resp. the category of i?-modules). 
Then MOD^ is symmetric monoidal on account of R being commutative, and '^MOD^ inher- 
its a symmetric monoidal structure of "pointwise tensor product." The Tannaka-Krein category 
TK(G, R) has as its objects the symmetric monoidal cocontinuous i2-linear functors '^MOD^ — )• 
MOD^, and as its morphisms the monoidal natural transformations. ♦ 

In general, the Yoneda lemma shows that, when i? is a field, the canonical functor G — >■ 
TK(G, R) (sending an object of G to the evaluation functor at that object and a morphism of 
G to its induced morphism) is full and faithful. Theorem 1.1.3 says that when R = C and G is a 
groupoid, the canonical functor is an equivalence of groupoids. The following result is known to 
experts, but perhaps not as well known as it should be (we could not find a direct reference, and 
so we provide a proof in proposition 5.1.5): 

1.1.5 Theorem Let R = k be a field, and let Gal(A;) denote its absolute Galois group. Think 
of Gal{k) as a groupoid with one object, with its profinite topology. Given a groupoid G with the 
discrete topology, let Hom(Gal(fc), G) denote the groupoid whose objects are continuous (in the 
topological sense) functors Gal(A:) — )■ G and whose morphisms are natural transformations. Then 
there is a natural equivalence of groupoids Hom(Gal(A;), G) = TK(G, fe). 

One of our main results (theorem 5.1.1) is to extend this theorem to rings, where we interpret 
the profinite groupoid Gal(-R) in the sense of [Mag74, BJOl]. This result determines Gal(i?) up to 
equivalence, by identifying the functor it represents. 

It is also well known that the notion of "Galois group of a ring" agrees with the notion of 
"etale fundamental group of an afhne scheme" (there are many accounts of Galois theory and 
etale fundamental groups; see for example [Mil80]). Our result, then, gives a new but equivalent 
definition and construction of the etale fundamental group: usually the etale fundamental group of 
a scheme is constructed from the topos of etale covers of the scheme, whereas we construct it from 
the abelian category of quasicoherent modules. 

1.2 Generalization: 2-rings and 2-afRne algebraic geometry 

To formulate our results, we introduce a new notion of commutative 2-ring: a symmetric closed 
monoidal presentable category. Examples include: Grothendieck topoi; for any scheme S, the 
category of quasicoherent C'(S')-modules; natural constructions arising from algebraic stacks. Mor- 
phisms of commutative 2-rings generalize the geometric morphisms of topoi. One should then 
understand our results as pertaining to affine 2-schemes, and in particular to their "etale funda- 
mental groups." 

Recall one of the basic motivations of affine algebraic geometry: a "space" is determined by 
its algebra of "functions" (real- valued, say); conversely, any ring should be thought of as the "al- 
gebra of functions" on some generalized "space." One quickly discovers, however, that there are 
well-behaved generalized spaces (non-affine schemes, geometric stacks) that are not determined by 
their algebras of (global) functions. These spaces are, however, determined by their categories 
of quasicoherent modules ([Gab62, Lur04]), and one should think of QCoh(S') as "the algebra 
of AsGp-valued functions on S." Similarly, a Grothendieck topos should be thought of as "the 
algebra of Set- valued functions" on some "space." In this sense, all of (1-) algebraic geometry is 
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"2-affine." Following the usual logic of algebraic geometry, we encourage the reader to think of 
commutative 2-rings as algebras of (Set- or ABGp-valued) functions. The corresponding category 
Af2Sch of affine 2-schemes is rich enough to talk about all of "1-mathematics" ; for example, 
we show in proposition 2.3.9 that the category AfSch of (l-)affine schemes embeds fully faith- 
fully into Af2Sch, and we prove the similar result for the 2-category Gpd of small groupoids in 
corollary 5.0.2. (Lurie's Tannaka-Krein theorem for geometric stacks [Lur04], which we recall in 
remark 2.3.10, is closely related.) 

Let G be a small groupoid and A a commutative 2-ring, for example A = -^MOD for a com- 
mutative ring R. Then ^A = Functors(G, A) is again a commutative 2-ring. From a geometric 
point of view, the Tannaka-Krein category from definition 1.1.4 is precisely the category of maps 
2Spec(^) ^ 2Spec('^^) of "2-schemes over 2Spec(A)." Since Gpd ^ Af2Sch, we can think of 
G as itself an affine 2-scheme, and we show in lemma 2.3.12 that 2Spec('^A) = G x 2Spec(^) in 
Af2Sch. Then rather than working with "2-schemes over 2Spec(^)," we can equivalently describe 
the Tannaka-Krein category as the category of maps 2Spec(^) — )• G. When the groupoid G has a 
unique object, it should be thought of as B(some group), whence it is not surprising that the maps 
2Spec(^) — )• G are precisely the "G-torsors on 2Spec^" (proposition 3.2.5). 

From this point of view, one expects that the G-torsors on 2Spec^ are controlled by a "funda- 
mental group" 7ri(2SpecA). Indeed, this is our main result (theorem 4.2.16): 

1.2.1 Theorem There is a functor, which we call'Ki{—), from "good" (definition 4-2.6) affine 2- 
schemes to pro- groupoids, such that, for a small groupoid G and a good affine 2-scheme X , there 
is a natural equivalence 

HomAF2ScH(-'^, G) = HompRoGPD(7ri(X), G). 

1.2.2 Remark There is a 0-categorical version of our story, which we will briefly sketch. We 
encourage the reader to work out the details as a warm-up exercise. 

Let 5 be a set and R a ring; then there is an i?-algebra ^R of i?-valued functions on S. 
One can then ask about the set of -R-algebra homomorphisms ^ R — >■ R. It is then expected 
that HomgCTEMEs/J?(spec(i2), spec('^i?)) would be controlled by some (pro-)set vro(-R). This is true 
provided S is not too large compared with R. 

The case when R = k is a field is sufficient to illustrate the size concerns. Then there is an 
embedding S ^ Homfc_ALG('^^) k), which sends a point s £ S to the homomorphism that evaluates 
any function in at s. The question parallel to theorem 1.1.3 is whether this injection is necessarily 
an isomorphism of sets. The answer surprised us: it is "yes" provided that either S and k are both 
finite or IS*! < \k\, and "no" when S is infinite and \S\ > \k\, but constructing the extra /c-points in 
spec('^A;) requires the axiom of choice. Notice that these extra points evaporate upon field-extending 
to sufficiently large fields. (Rather, they remain as points in maxspec('^A;), but the residue fields 
blow up.) 

These size issues are not directly relevant to the paper at hand, because we only consider 
small groupoids G, whereas our commutative 2-rings are all roughly the size of Set. But they do 
highlight that one must take size concerns into account if trying to apply the results in this paper 
to essentially-large groupoids. ♦ 

1.3 Overview of the paper 

In Section 2 we recall the requisite background on presentable categories (following [Lur09b], we 
drop the word "locally" from "locally presentable"). A presentable category is a locally small cate- 
gory that is a cocompletion of a small category, all of whose objects are "little"; see definition 2.1.1. 
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An equivalent definition (theorems 2.2.3 and 2.2.4) is that a presentable category is any category 
of sheaves on a (colimit) sketch — a colimit sketch is a small category with some distinguished 
diagrams that are trying to be colimit cocones, and a sheaf thereon is a Set- valued contravariant 
functor that realizes each distinguished diagram as a limit in Set. In particular, Grothendieck 
topoi are all presentable, but so are abelian categories of quasicoherent modules on a scheme. 

Presentable categories have many good properties, enough so that they form the objects of a 
2-category with many formal similarities to the (l-)category of (l-)abelian groups. In particular, 
any cocontinuous functor out of a presentable category is necessarily a left adjoint (we suggest 
the adjective saft, for "special adjoint functor theorem," for any category with this property); and 
presentable categories are complete, cocomplete, well-powered, and well-copowered (lemma 2.1.6). 
Moreover, the 2-category of presentable categories (and left adjoints as 1-morphisms) admits a 
natural tensor structure satisfying a universal property analogous to the one for abelian groups, 
and hom-categories between presentable categories are necessarily presentable (corollary 2.2.5). We 
denote by 2AbGp the symmetric monoidal 2-category of presentable categories, left adjoints, and 
natural transformations (see definition 2.1.8 and remark 2.1.9 for equivalent descriptions). Finally, 
we define a commutative 2-ring to be a symmetric monoidal object in 2AbGp; the 1-opposite to 
the 2-category of commutative 2-rings is our 2-category 2AfSch of affine 2-schemes. 

In Section 3 we use the language of commutative 2-rings to rephrase our question from §1.1. 
Namely, for any small groupoid G and any commutative 2-ring A, the category '^A of functors 
G ^ ^ is a commutative 2-ring, and indeed an ^-2-algebra; the generalization of the Tannaka- 
Krein category from definition 1.1.4 is the category TK{G,A) = Hom^_coM2ALG('^^i ^) of all mor- 
phisms '-^A — > A of commutative A-algebras. By lemma 2.3.12, this is equivalent to the category 
HomcoM2RiNG('^SET, A) of morphisms '^Set — >• ^ of commutative 2-rings. In §3.2 we give an "in- 
ternal" description of such morphisms as right G-torsors in A (proposition 3.2.5). In the rest of 
Section 3, we prove that, when G is a small groupoid, the category TK(G, A) = TORS(G, A) of right 
G-torsors in A is an essentially-small groupoid (theorem 3.2.14 and proposition 3.4.2). Along the 
way (§3.3), we see that for the purpose of understanding G-torsors in a commutative 2-ring A, we 
can safely replace ^ by a cartesian ((8) = x) 2-ring COG(yl), which is the category of cocommutative 
coalgebras in A. 

In Section 4 we prove our main result: that when a commutative 2-ring A satisfies a mild 
technical condition having to do with the behaviour of coproducts (definition 4.2.6; the condition 
is satisfied in the main examples of abelian categories and Grothendieck topoi, and is designed to 
rule out bad 2-rings like complete lattices), the functor G i— )• TORS(G, A) is pro-representable. This 
requires that we first review (§4.1) enough of the theory of 2-limits and pro-objects in 2-categories 
to make sense of the result. We call the representing pro-object of the functor TORS(— ,j4) the 
fundamental pro-groupoid of A, and denote it by vri(^). 

Finally, in Section 5 we compare our tti{A) to older notions of Galois and (etale) fundamental 
groups. We find (theorem 5.1.1) that when A is the category of modules of a commutative ring R, 
then the profinitization 'rr[{A) of vri(^) is the absolute separable Galois group of R in the sense of 
[Mag74]. When the ring is a field, this profinitization is no loss of data, and Tri{A) = Gal(i?) 
on the nose (proposition 5.1.5); we do not know if this generalizes to the non-field case. Finally, in 
§5.2 we consider the case when the commutative 2-ring A is the category of sheaves on a connected 
site G; then we find perfect agreement between our 7ri(A) and the vrf*(G) of [AM86] (note that this 
7rf* generically contains more data than the profinite vrf* usually considered in algebraic geometry; 
in particular, when G is a good topological space, vr°*(G) is its honest fundamental group, not the 
profinitization thereof). 

We conclude with some discussion in Section 6 of generalizations and directions for further 



5 



research. 



1.4 Acknowledgements 

We would like to thank D. Ben-Zvi, A. Geraschenko, M. Olsson, N. Reshetikhin, N. Rozenblyum, 
V. Serganova, C. Teleman, and H. Williams for their many helpful comments and discussions. M. 
Brandenburg caught a number of errors in an early version of this paper. We would particularly 
like to thank the anonymous referee for the detailed and engaging review. The correct definition 
of torsors in a general commutative 2-ring (and in particular the definition of the morphisms Tx 
defined above lemma 2.4.4) is due to the referee, and we have also included a few comments and 
examples the referee suggested. Some of this work was completed while the second author was a 
visitor at Northwestern University, whom he thanks for the hospitality. This work is supported by 
the NSF grant DMS-0901431. 

2 Preliminaries 

In this section we define our basic objects of study. Our motivation is a desire to think of both 
Grothendieck topoi and monoidal abelian categories as types of "commutative 2-rings" with which 
we can set up a theory of "affine 2-algebraic geometry." In particular, we need a notion of "2-abelian 
group," and find that a convenient definition is that of a presentable category. We will recall all 
definitions here, but leave many proofs to the references. 

By "there are setly many X" we mean that the collection of isomorphism classes of Xs, which 
might a priori be too big to be a set, is in fact a (small) set: for example, a category is locally small 
if there are only setly many morphisms between any pair of objects. The notions of "limit" and 
"colimit" of a diagram are standard. A category is (co) complete if every diagram with setly many 
arrows has a (co) limit. A functor is (co) continuous if it preserves all existent (co) limits of diagrams 
with setly many arrows. 

We write "=" when we mean that there is a sufficiently canonical natural equivalence. Given 
categories X,Y, we write Functors(X, y) or for the category of functors X ^ Y, while the 
full subcategory on the cocontinuous functors is Cocont's(X, y). We also use the notation Y^ for 
the category Functors(X°P, y), and ^Y^ for Functors(X x Z°p,Y). We write CAT for the (strict) 
2-category of locally small categories. Many of our 2-categories embed into CAT, but when we say 
"2-category" (and in particular "monoidal category") we mean that the associators and so on may 
be nontrivial. Nevertheless, we suppress all associators and similar objects from our notation. See 
the start of §4.1 for further discussion and references on higher categories. 

We typically identify a groupoid with its set of arrows, and write Go for its set of objects. In 
other words, we might write g G G for an arrow g of the groupoid G. Despite this, a € A might 
also mean that a is an object of the category A; this never applies to groupoids however, and the 
significance of the symbol G will be clear from the context. The source and target maps G ^ Gq 
of a groupoid are written re and ic respectively, or, when there is no danger of confusion, simply 
r and i. These stand for "right" and "left," and the reader will find it useful to imagine arrows 
going from right to left (so that they compose properly, i.e. fg is g followed by /). In accordance 
with this convention, we write G{t, s) for the set of arrows of a groupoid G from s to t. 

2.1 Presentable categories 

Most of the results in this section and the next are known, and indeed due to [GU71] (see also 
[UlmTlb, AR94]). In many places we outline the proofs for readers who, like ourselves, are not 
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fully-versed in this material. We also refer the reader to [Bor94a, Bor94b, Bor94c] for details. 

2.1.1 Definition Fix a cardinal k; a set is K-small if its cardinality is strictly less than k, and a 
category is K-small if its collection of arrows is. A n-directed category is a poset in which every 
K-small set of objects has an upper bound. A n-directed colimit is the colimit of a diagram for which 
the indexing category is K-directed. An object x of a category is K-little if Hom(x, — ) preserves 
K-directed colimits. An object is little if it is K-little for some k. 

A category C is presentable if it is locally small and cocomplete and there exists a set S of 
objects, all of which are little, such that the cocompletion in C of (the full subcategory on) S is the 
entire category C. A category is K-presentable if the generating set can be taken to consist entirely 
of K-little objects. ♦ 

2.1.2 Remark Following [LurODb], we prefer to substitute "presentable" for the usual term "lo- 
cally presentable" ([AR94]). Also, what we call "little" is usually called "small," "presentable," 
or "compact" in the literature, but we prefer not to overburden a word if it has an underused 
synonym. ♦ 

2.1.3 Remark Let A > k be cardinals. Then every A-directed colimit is also K-directed, and so 
every K-little object is also A-little. Thus every K-presentable category is also A-presentable. ♦ 

2.1.4 Remark One can also define a k- filtered category as one for which every K-small subcategory 
can be completed to some cocone (not necessarily satisfying any universal property), and hence 
arrive at a corresponding notion of n-filtered colimit. But for every K-filtered diagram there is 
a canonical K-directed diagram with the same colimit, and so replacing the word "directed" by 
"filtered" throughout definition 2.1.1 does not change the notion of "K-little," and hence does not 
change the notion of "presentable" [AR94, Theorem 1.5]. ♦ 

2.1.5 Example (a) Most categories "in nature" are presentable. Given any ring R, the category 
of ii-modules is i>^o-presentable. Varieties of algebras are presentable: the category of groups, for 
example, is i^^o-presentable. In general, a variety of algebras is K-presentable where k is larger 
than the arity of any operation. For example, the category of Banach spaces and contractions is 
^^i-presentable but not i^o-presentable, because of the presence of countable sums. 

(b) Every Grothendieck topos is presentable. 

(c) The category of topological spaces is not presentable. The opposite category to a presentable 
category is not presentable, unless it is (equivalent to) a partially ordered set. ♦ 

We refer the reader to [AR94] for the following results: 

2.1.6 Lemma (a) Let C he n-presentable. Then there are setly many K-little objects in C, and in 
particular one can take S in definition 2.1.1 to consist of representatives of all isomorphism classes 
of K-little objects. 

(b) Any K-small colimit of K-little objects is K-little. Hence every object of a presentable category 
is little. 

(c) Every presentable category is both complete and cocomplete and both well-powered and well- 
copowered. 

(d) Let C be a presentable category and D any locally small category. Then a functor C D 
is a left adjoint iff it is cocontinuous. If D is also presentable, then a functor C ^ D is a right 
adjoint iff it is continuous and commutes with K-directed colimits for some k. ■ 
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2.1.7 Remark A category C for which every cocontinuous functor with domain C is a left adjoint 
is called "compact" in [Kel86]. We suggest instead the word saft, short for "special adjoint functor 
theorem": on the one hand, "compact" is an overloaded word, and on the other hand, this property 
is the conclusion of any result that deserves the name "special adjoint functor theorem" [UlmTla]. 

A saft category is necessarily complete. Although most saft categories (and all "total" cate- 
gories) are also cocomplete (in particular, co completeness is a common condition in special adjoint 
functor theorems), saftness does not imply cocompleteness [Ada77]. ♦ 

2.1.8 Definition The 2-category 2AbGp of 2-ahelian groups has as objects the presentable cat- 
egories. A l-morphism of 2-ahelian groups f : A ^ B is the data consisting of a left adjoint 
f*:A^B and its right adjoint f^, : B A. Given f,g:A^B two 1-morphisms, a 2-morphism 
in the category of 2-ahelian groups is a natural transformation r] : f* ^ g*; this uniquely determines 
an adjoint natural transformation r]^ '■ g* ^ f*- ♦ 

2.1.9 Remark One can present the 2-category 2AbGp up to equivalence in various ways. By 
lemma 2.1.6, an equivalent category on the same objects has I{om{A, B) = Cocont's(yl, S). 

We write 2AbGp^°P'^°p for the 2-category that is opposite to 2AbGp at both the 1- and 2- 
levels. It is equivalent to the 2-category with objects the presentable categories and Hom(A, B) = 
the full subcategory of Functors(A, i?) on the continuous functors that commute with K-directed 
colimits for some k. ♦ 

2.1.10 Remark Let us now outline some motivation for the definition 2.1.8. Whatever a "2- 
abelian group" is, it should be a locally small category, and it is natural, in light of both finite 
sets and finite-dimensional vector spaces, to replace addition with the formation of colimits. So 
a "2-abelian group" should certainly be cocomplete, and a morphism of 2-abelian groups should 
certainly be cocontinuous. But remember that an addition-preserving function between abelian 
semigroups need not be particularly nice, whereas an addition-preserving function between abelian 
groups is a much richer thing. Similarly, we argue that the right notion of "2-abelian group" 
includes the property of being saft. 

But in fact we ask for even more. The categories of cocontinuous functors between saft categories 
are not necessarily locally small, and in particular not necessarily themselves saft. Rather, we would 
like a theory in which the hom categories between 2-abelian groups are again 2-abelian groups. For 
local smallness of categories of cocontinuous functors, it is enough to ask that the domain be a 
cocompletion of a small category. Presentable categories satisfy all our desired conditions and 
include all our desired examples. ♦ 

Our choice of 2AbGp has many of the properties of the usual category of (l-)abelian groups. 
For example, we have: 

2.1.11 Proposition The 2-category 2AbGp is complete and cocomplete. One can compute 
(2-)limits and colimits in 2AbGp as follows: 

Let CAT denote the 2-category of locally small categories. The faithful emheddings of 2AbGp 
and 2AbGp^°P'2°p into CAT from remark 2.1.9 preserve limits. So to compute a limit in 2AbGp, 
just compute the corresponding limit of cocontinuous functors; to compute a colimit, look "in the 
mirror" and compute the limit of right adjoints. 

Sketcli of proof The statement about limit calculation is a simple tweak on [AR94, Exercise 
2.n] (which says essentially that a limit of accessible categories is again accessible), by adding 
the observation that a limit of a diagram in CAT consisting of cocontinuous functors between 
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cocomplete categories is again cocomplete, and the canonical cone out of the Hmit consists of 
cocontinuous functors. 

A similar proof works for the second assertion, concerning colimits, by using the characterization 
of right adjoints (lemma 2.1.6) and the observation that the limit in CAT of a diagram consisting 
of such functors between cocomplete categories with K-filtered limits is a category which again has 
all colimits and K-filtered limits (and the canonical cone out of the limit consists of cocontinuous 
functors which preserve filtered limits). ■ 



2.2 Sheaves on sketches 

We now develop a "Morita" theory equivalent to 2AbGp, extending the Morita theory of rings. 
The basic object of study are colimit sketches. The results in this section are not new: the main 
result (theorems 2.2.3 and 2.2.4) dates back to [Law63, Lin66] and holds that presentable categories 
are precisely the categories of models of limit sketches. 

2.2.1 Definition A colimit sketch consists of the following data: A category X, a collection D 
of "distinguished diagrams" in X, and an assignment c of each diagram in Z) to a cocone over it, 
called a "distinguished cocone," which should be thought of as a prescribed "colimit" over it. In 
the usual way with algebraic theories, we will abuse notation, and refer to the sketch {X, D, c) by 
the same name as we use for its underlying category X. A sketch is (n-)small if its underlying 
category is. 

Let X be a sketch and C a category. A functor X C is compatible if it takes distinguished 
cocones to colimit cocones — if it realizes the prescriptions. We write Compat(X, C) for the 
full subcategory of Functors(X, C) on the compatible functors. A sheaf on a sketch X is a functor 
X°P — ;> Set that takes the distinguished cocones in X to limit cones in Set. We set Sheaves(X) = 
Compat(X, Set°p)°p, which is a full subcategory of Presheaves(X) = Functors(X°P, Set). 

The Yoneda embedding is the functor 7x : X — > Presheaves(X) given by x i— >• Hom(— ,x). It 
factors through Forget : Sheaves(X) —?- Presheaves(X) iff every distinguished cocone in X is 
already a colimit cocone. ♦ 

2.2.2 Example Let C be a locally small category. Let be the full subcategory of C on the 
K-little objects. We make it into a sketch by declaring that the distinguished cocones are precisely 
the K-directed colimits that exist in C^. ♦ 

The following is [AR94, Theorem 1.46] (an error in the proof was corrected in [AHR99]): 

2.2.3 Theorem A locally small category C is n-presentable if and only if the Yoneda embedding 
C — 7- Sheaves(Ck) is an equivalence. ■ 

The converse is: 

2.2.4 Theorem Let X be a small sketch. Then Sheaves(X) is presentable. The functor Forget : 
Sheaves(X) Presheaves(X) has a left adjoint Sheafify : PRESHEAVES(Ar) Sheaves(X), 
and the composition Sheafify o 7 : X — ?> Sheaves(A') is compatible. Moreover, Sheaves(X) is the 
universal cocomplete category receiving a compatible functor from X, in the following sense: if C 
is any cocomplete category, then pulling back along Sheafify o 7 yields a natural-in-C equivalence of 
categories: 

Compat(X,C) = Cocont's(SHEAVES(X),C) 
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We include the proof to illustrate the construction of 2-abelian groups. In particular, in 
corollary 2.2.5 and proposition 2.4.2 and elsewhere, we will build presentable categories as cate- 
gories of sheaves on sketches, and we want the reader to have some direct understanding of such 
constructions. 

Proof It is well-known that Presheaves(X) is presentable, and by definition Sheaves(X) is a 
full subcategory. A straightforward exercise, turning on the slogan "limits commute," shows that 
Sheaves(X) is closed under hmits in Presheaves(X); also straightforward is that Sheaves(X) is 
closed under K-directed colimits in Presheaves(X) for some k, because X is small and K-directed 
colimits commute with K-small limits in Set. Hence by [AR89] the functor Forget : Sheaves(X) ^ 
Presheaves(X) has a left adjoint Sheafify satisfying Sheafify o Forget = idgHEAVEs(x) ■ Since 
Presheaves(X) is the cocompletion of the image of 7 : X — > Presheaves(X) and Sheafify is 
cocontinuous (being a left adjoint), Sheaves(X) is the cocompletion of the image of Sheafify o 7 : 
X Sheaves(X), and hence presentable. 

Let D be a distinguished diagram in X and D — > d its distinguished cocone, and pick y £ 
Sheaves(X). Then: 

{cocones Sheafify(7(L')) y} = {cocones 7(D) — )■ y} (by the adjunction) 

= {cones {pt.} — > y{D) in Set} (by Yoneda) 

= y{d) (because y is a sheaf) 

= HompRESHEAVEs{X) (lid) , y) (Yoneda) 
= HomgHEAVEs(x) (Sheafify (7(d) ), y). (by the adjunction) 

This proves that Sheafify o 7 is compatible. 

Thus we have the "pulling back along Sheafify o 7" functor: 

o (Sheafify 07) 

Cocont's(SHEAVES(X),C) ^ > Compat(X,C) 

We wish to show that it is an equivalence. 

The equivalence is well-known when X has no distinguished diagrams: 

7 : Cocont's(PRESHEAVES(X), C) Functors (X, C) : Lan^ 

Let / : X C be any functor. Then /; = Lan^ / : Presheaves(X) C is a left adjoint; its right 
adjoint is /* : c i-^- Homc7(/(— ),c) G Presheaves(X). Moreover, /* lands in Sheaves(X) iff / is 
compatible. 

Suppose that g : Presheaves(X) — )■ C is any cocontinuous functor whose right adjoint lands 
in Sheaves(X): 

gt Forget 

C ^ Sheaves(X) Presheaves(X) 

Sheafify ^^^^^^^ 

a 

The upper arrows are right adjoints and the lower arrows are left adjoints. Then, since Forget is 
full, the left adjoint of : C ^ Sheaves(X) is necessarily g o Forget. On the other hand, the 
composition of adjoints is the adjoint to the composition. So we have that g = ( (70 Forget ) o Sheafify 
is a factorization into left adjoints. 

On the other hand, suppose that g factors as g = g' o Sheafify, with g' cocontinuous. Then its 
adjoint g^ factors as g^ = Forget o((7')'l', where {g')^ is the right adjoint to g'. With the previous 
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paragraph, we have shown that for a cocontinuous functor g : Presheaves(X) — )■ C, the fohowing 
are equivalent: (i) 5 is a composition of Sheafify and a cocontinuous functor Sheaves(X) — >■ C; (ii) 
the right adjoint to g factors through Forget; (iii) g o Forget : Sheaves(X) ^ C is cocontinuous 
and g = g o Forget o Sheafify. 

All together, we have adjoint functors: 

p = Lauy o Forget : Compat(X, C) — > Cocont's(SHEAVES(X), C) 
q = o Sheafify o 7 : Cocont's(SHEAVES(X), C) — > Compat(X, C) 

We study their compositions: 

qp{f) = (Lan^ /) o Forget o Sheafify 07= (Lan^ f) °1 = f 

The second isomorphism is from the equivalence above, with g = f\ = Lan^ / for / compatible; the 
last is by the equivalence when X has no distinguished diagrams. 

pq{g) = Lan^{g o Sheafify o 7) o Forget = g o Sheafify o Forget = g 

The second isomorphism is because g o Sheafify : Presheaves(X) — )• C is cocontinuous, and we 
again harness the statement when X has no distinguished diagrams. ■ 

2.2.5 Corollary Let A,B he presentable categories. T/ien Hom2ABGp(^i -S) is presentable. More- 
over, the 2-category 2AbGp is symmetric monoidal closed: for every pair of presentable categories 
A, B, there is a presentable category AM B so that for every cocomplete C there is a natural 
equivalence of categories: 

Hom2ABGp(^ MB,C) = Hom2ABGp(^, Hom2ABGp(-B, C)) = 

= {functors A x B ^ C that are cocontinuous in each variable 

while holding the other variable fixed} 

Proof Let A',B' be any small sketches so that A = Sheaves(^') and B = SHEAVES(i?'); such 
sketches exist by theorem 2.2.3. By theorem 2.2.4, Hom2ABGp(^) -S) = Compat(^', -B) is a full 
subcategory of Functors(A', _B) = Sheaves((A'°p) x B', Set), where (A')°p x B' is given a sketch 
structure in which the distinguished cocones are those of the form (object in A') x (distinguished 
cocone in B'). In particular, Functors(^', i?) is presentable. Let D be the set of distinguished 
cocones in A'. Then Hde-D presentable by proposition 2.1.11. For each diagram d G D, let 
c{d) denote its tip. Then d determines two functors Functors(74', i?) — )• B. One of them sends 
/ € Functors(74', 5) to f{c{d)). The other sends / to colim/((i). By the universal property of 
colim, there is a uniquely defined morphism in B from colim f{d) to f{c{d)). Packaging these maps 
together for all d € -D, we can build a diagram in CAT of the form: 

Functors(A',i3) ^ DdeD ^ (1) 




colim f{d) 



Unpacking definitions shows that Compat(j4', B) is precisely the limit in CAT of (1). But colimits 
are computed pointwise, and colimits commute. Thus both the top and bottom arrows in (1) 
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are cocontinuous functors between presentable categories. It follows from proposition 2.1.11 that 
Compat(^', i?) = Hom2ABGp(^! -B) is the limit of (1) as a diagram in 2AbGp, and in particular 
Hom2ABGp(^) -B) is presentable. 

If C is a cocomplete category, then using theorem 2.2.4 we have a natural equivalence of cate- 
gories: 

Hom2ABGp(^, Hom2ABGp(-B,C)) = Compat(^', Compat(i?', C)) = 

= {functors A' x B' C that are compatible in each variable 

while holding the other variable fixed} 

We put the structure of a sketch on the product A' x B' of underlying categories, by declaring 
that the distinguished cocones are those cocones of the form (distinguished cocone) x (constant) 
or (constant) x (distinguished cocone). Then the right-hand side is precisely Compat(^' x B',C), 
and we define A^ B = Sheaves(j4' x B'). Theorem 2.2.4 takes care of the rest. ■ 

Keeping the notations from the previous proof, note that there is a canonical separately- 
cocontinuous functor A x B AM B. We denote hy a M b the image of the pair of objects 
a £ A, b B through this functor. 

2.2.6 Remark One should think of a sketch X as a collection of "generators and relations" for 
the 2-abelian group Sheaves(X). From this point of view, it is not surprising that non-isomorphic 
sketches can have equivalent categories of sheaves. We can then present the 2-category 2AbGp in 
a "Morita" or "matrix" style. The objects are (colimit) sketches, and the morphisms X Y are 
certain functors X x y°P — t- Set. One should think of such a functor as an X, y-bimodule. The 
1-composition is a form of "tensor product of bimodules," and can be presented using the language 
of coends [Kel82]. f 

2.2.7 Example Let G be a small category (we will be particularly interested in the case when G 
is a groupoid). Then "^Set = Functors (G, Set) = Sheaves(G°p) is presentable, where G°p is the 
opposite category thought of as a sketch with no distinguished diagrams. If G, H are both small 
categories, then *^Set K1 ^Set = *^^^Set, and HomC^SET, ^^Set) = '^"''^^Set. 

Similar results hold when G, H are rings and Set is replaced by the category AbGp of abelian 
groups, although the computations are less obvious: writing '^MOD for the category of G-modules, 
we have <^MOD M ^MOD = <^®^MOD, and HomC^MOD, ^Mod) = '^"''^^MOD. 4 

2.2.8 Remark In [Del90], Deligne defines a tensor product of abelian categories A,B, by asking 
that, for each abelian category C, the category of right exact functors AM B ^ G he equivalent to 
the category of functors AxB ^ G that are right exact in each variable. Between abelian categories, 
the right-exact functors are precisely the functors that preserve finite colimits; as such, Deligne's 
tensor product is a finitary (abelian) version of ours. Since Deligne's primary applications are to 
categories that consist entirely of dualizable objects, he cannot demand cocontinuity in general — 
his categories do not contain most infinite colimits. One can give a small abelian category the 
structure of a sketch by declaring all finite colimits to be distinguished, and then complete it to a 
presentable category; by the universal properties of the constructions, it is clear this operation of 
completion intertwines Deligne's tensor product with ours. ♦ 

We make the following observation, which will come in handy later: 

2.2.9 Lemma Let M be a 2-abelian group, and G a small category. We then have an equivalence 
MK'^Set = ^M. 
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Proof We show that there is an equivalence 

Hom2ABGpC^M, N) Hom2ABGp(A^ ^ ^Set, N), 

natural in G 2AbGp. For categories X and Y, denote by L{X,Y) and R{X,Y) the full subcat- 
egories of Functors(X, Y) consisting of left, and, respectively, right adjoints. Notice that we have 
an equivalence L{X,Y) = R(Y, X)°p . We claim that there is a series of equivalences 

L{^M,N) = R{N,^M)"P = {^R{N,M))°^ = L{M,Nf = 

= L{M, 7V^) = L(M, LC^Set, N)) = L{M M "^Set, iV), (2) 

all natural in A^. We justify these equivalences as follows: 

The first one is a consequence of the observation made in the sentence preceding (2). 

The second, third, and fourth say that the superscript ^ (either left or right) commutes with 
L(A'I, —) and R{Ad, —). Recall that a functor between presentable categories is a left adjoint if 
and only if it preserves colimits (lemma 2.1.6). Since colimits in both '^A^ and Functors (M, A^) 
are computed pointwise, we conclude that a functor M is a left adjoint if and only if 

the corresponding functor M x G ^ N preserves colimits in the first variable, if and only if the 
corresponding functor G Functors(Af , A^) takes values in L{M,N). The argument for R is 
similar, using the fact that a functor between presentable categories is a right adjoint if and only 
if it is continuous and it preserves K-filtered colimits for some cardinal k. 

The fifth equivalence is A^'-' = Hom2ABGp('^SET, A^), an immediate consequence of theorem 2.2.4 
(simply use the fact that "-^Set = Sheaves(G°p), where G°p is a sketch with no distinguished 
diagrams). The sixth is the universal property of Kl. ■ 

2.2.10 Remark By the universal property of the tensor product of 2-abelian groups, there is 
a canonical morphism M M '^Set — )• '^M (determined up to unique natural isomorphism). It 
is not hard to check that this canonical morphism is the equivalence exhibited in the proof of 
lemma 2.2.9. ♦ 



2.3 2-rings and afRne 2-schemes 

2.3.1 Definition A 2-ring is an algebra object in 2AbGp. Equivalently, a 2-ring is a presentable 
monoidal category for which the monoidal structure distributes over colimits. 2-rings are the objects 
of a 2-category 2RiNG: 1-morphisms in 2RiNG are 1-morphisms of the underlying 2-abelian groups 
equipped with the structure of monoidal functors, and 2-morphisms in 2RlNG are monoidal natural 
transformations between 1-morphisms. 

A commutative 2-ring is a 2-ring equipped with a symmetric structure. Commutative 2-rings 
form a 2-category Com2Ring whose 1-morphisms are those 1-morphisms of the underlying 2- 
rings that intertwine the symmetric structures. The 2-morphisms are left unchanged, so that 
for any two commutative 2-rings A, i3, the category HomcoM2RiNG(^i -B) is a full subcategory of 
Hom2RiNG(^, ^)- 

The category 2AfSch of affine 2-schemes is 1-opposite to the category of commutative 2-rings. 
Given a commutative 2-ring we write 2Spec(A) for the corresponding affine 2-scheme. ♦ 

2.3.2 Remark Let A be a commutative 2-ring, with multiplication ® : AM A ^ A. Then for 
each a G ^, the functor ®a : A ^ A\s cocontinuous, and so has a right adjoint, Hom^(a, — ), and 
this construction is natural in a. The associativity of ® implies that A is enriched over itself in the 
sense of [Kel82]. 4 
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2.3.3 Definition Let A be a 2-ring. A left A-2-module is an A-module object in 2AbGp; i.e. 
it is a 2-abelian group M, a map AM M ^ M, and an associator intertwining the two maps 
AM AM M ^ M , satisfying some compatibility conditions. 

When ^ is a commutative 2-ring, we denote by ^-2MOD its 2-category of 2-modules. It has 
a symmetric monoidal structure Ma, similar to the analogous structure on the module category 
of a commutative 1-algebra. A (commutative) A-2-algebra is a (commutative) monoid object in 
A-2MOD; we write ^-Com2Alg for the category of commutative ^-2-algebras. 

A commutative ^-2-algebra structure on a commutative 2-ring B is the same as a commutative 
2-ring morphism A ^ B. Consequently, the 2-category 74-Com2Alg can also be described as 

follows: the objects are the commutative 2-ring morphisms A ^ B; the morphisms between A ^ B 
and A^C are the pairs {h, ("), where h : B ^ C is a 1-morphism of in Com2Ring and Q : g ^ hof 
is a 2-isomorphism in Com2Ring; a 2-morphism (/i, C) =^ (^'>C') is ^ 2-morphism ^ : h ^ h' such 
that C = {(,-f)Ci where we denote "whiskering of a 2-morphism by a 1-morphism" by a lower dot, 
and the "2-composition" by concatenation. ♦ 

2.3.4 Example The category Set is a commutative 2-ring with (8) = x. It is the initial object in 
both 2RiNG and Com2Ring; the unique 1-morphism sends a set with cardinality n to the K-fold 
coproduct of the unit object. The terminal 2-ring is the zero ring: the category with one object 
and only the identity morphism. 

More generally, let G be any small category. Then the 2-abelian group '-'Set = Sheaves(G°p) 
has the structure of a commutative 2-ring by setting (8) to be the categorical product — indeed, 
Sheaves(G°p) is a Grothendieck topos, and any Grothendieck topos is a commutative 2-ring with 
= X. f 

2.3.5 Remark Regarding the previous example, there is a subtle point to keep in mind: the 
usual 2-category ToPOS consisting of (for us, Grothendieck) topoi, with left exact left adjoints 
as 1-arrows and natural transformations between those as 2-arrows (the 1-opposite of [MLM94, 
Definition VII. 1.1]) embeds in 2RiNG (see the previous example), but not fully: in general, our 
morphisms of 2-rings, which in this case are just product-preserving left adjoints between topoi, 
need not be left exact (i.e. preserve all finite limits). The embedding is full, however, for topoi of 
the form *^Set for groupoids G. All in all we have 2-functors 

Cat^°p ^ Topos 2RING, C "^Set, 

and the composition is fully faithful when restricted to Gpd^°p (cf. corollary 5.0.2), but not in 
general; see §6.2 for an example. ♦ 

2.3.6 Example Consider the monoid N as a category with countably many objects and only 
identity morphisms. We can give the presentable category of sheaves on this countable discrete 
category a non-cartesian commutative 2-ring structure by (8) = convolution, or equivalently by 
extending (8 by cocontinuity from: 

hom( — , a) (8 hom(— , h) = homN( — , a + h) 

We denote this 2-ring by Set[A'], as it is the 2-ring freely generated by one object X = hom(— , 1).^ 

2.3.7 Example The category AbGp = ^MOD of (l-)abelian groups is a 2-ring with (8 = the usual 
tensor product of abelian groups. If i? is a ring, then a 2-ring structure on the category -^MOD of 
left i?-modules is the same as a sesquialgebra structure on R in the sense of [TWZ07]. Every Hopf 
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algebra is a sesquialgebra, and the corresponding 2-ring is commutative exactly when the Hopf 
algebra is triangular. But more importantly for this paper, if R is commutative as a ring, then 
^MOD has a canonical commutative 2-ring structure given hy ^ = ^r. Moreover, ^MOD is an 
ABGp-2-algebra. ♦ 

2.3.8 Remark We will not prove this in any detail, but there is a higher analogue of the fact that 
the usual tensor product of abelian groups is the binary coproduct in the category of commutative 
rings: Kl is the binary (2-)coproduct in Com2Ring. 

The idea of the proof is the usual one: first, there is a commutative 2-ring structure on AM B 
whenever A, B are commutative 2-rings. Next, there is a 2-ring map A ^ AM B obtained by 
sending a & A to a M 1b , and a similar map B — )■ AM B. Finally, given maps f : A ^ C and 
g : B ^ C oi commutative 2-rings one forms f ®g : AMB ^ C hy sending aMhlo f{a) ®g{h). We 
leave the task of constructing the monoidal structure on f ® g to the reader, with the observation 
that just as in the case of ordinary commutative rings, the symmetric structure is crucial. ♦ 

2.3.9 Proposition The assignment R H> 2Spcc(^MOD) of commutative rings to affine 2-schemes 
makes the category of (l-)affine schemes into a full sub-2-category of the category of affine 2- 
schemes. 

Proof Let R,S be two commutative rings. The category Hom2ABGp(^MOD, '^Mod) is naturally 

equivalent to the category '^MoD^ of left-5 right- bimodules (any bimodule ^M^ gives a functor 

M(g), and all cocontinuous functors are of this form). Equipping the functor M® with a symmetric 
R R 

monoidal structure is the same as equipping the module ^M^ with: 

• An isomorphism = ^S, where is the left-S" module M that has forgotten its i?-module 
structure, and is the free rank-one left-S* module. This isomorphism expresses that the 
functor sends the unit object ^R G ^MOD to the unit object € "^MOD. 

• An associative, commutative isomorphism of left-S* right- (i? ® R) bimodules 

R 505 

where all the actions in RrR^R^ 5^5®5 ^^.^ multiplication (these bimodules exist because 
R and S are commutative). This isomorphism expresses that the tensor product of modules 
maps to the tensor product of their images, and the associative and commutative properties 
express that the functor is monoidal and symmetrically so. 

The isomorphism = makes S into a right-i2 module compatible with the S action; such 
a structure is the same as a homomorphism R ^ S of rings (an element of R maps to its action 
on 1 G 5). Upon identifying M = S, both sides of the second isomorphism are copies of S on 
which S acts on the left by multiplication, and RiSi R acts on the right via the homomorphism. 
Any automorphism of this ^ S^®^ is of the form "multiply by an invertible element of S." So the 
category of symmetric monoidal functors ^MoD '^MoD is equivalent to a category whose objects 
are pairs: a homomorphism R ^ S and an invertible element of S. 

But a natural transformation between the functors M® and N(S>, where '^M^ and '^N^ are 
bimodules, is the same as a homomorphism of bimodules. In particular, any natural transformation 
between monoidal functors is of the form "multiply by an element of <S"'; but such a natural 
transformation has a hard time being monoidal. Let 0, (/? : i? ^ 5 be homomorphisms and cr, <j G 5 
invertible elements, and let (0, a) and {(p, (,) be the corresponding monoidal functors. Then there is 
no monoidal natural transformation (0, a) (95, <;) unless (f) = f, and if we do have equality, then 
there is a unique such natural transformation, given by multiplication by <^a~^. ■ 
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2.3.10 Remark A closely related and dramatically more powerful result is in [Lur04]. An algebraic 
stack X is geometric if it is quasicompact and the diagonal map X ^ X x X \s representable and 
affine. There is a functor from the 2-category geometric stacks to 2AfSch that assigns to every 
stack its commutative 2-ring of quasicoherent sheaves. This functor is faithful, but it is not known 
to be full — morphisms between geometric stacks correspond precisely to those morphisms of affine 
2-schemes that satisfy a technical condition called "tameness" — but it is expected to be. In 
personal correspondence [Brail], Brandenburg has informed us of a result (joint with Dolan) that 
will appear in his thesis: all affine 2-scheme morphisms 2Spec(QCOH(X)) 2Spec(QCOH(y)) are 
tame when X and Y are projective schemes, and Brandenburg has a rough outline of how to get 
to all geometric stacks. ♦ 

2.3.11 Example Generalizing example 2.3.4 is our main object of study: Let A be any commuta- 
tive 2-ring (for example, the category of modules of a commutative ring) and G any small category. 
Then = Functors(G, ^) = Cocont's(SHEAVES(G°P), A) is a 2-ring, where the monoidal struc- 
ture is given by "pointwise tensor product": if a,/3 : G — )■ A are functors, then for each object or 
arrow g £ G, we set (a (8i P){g) = a{g) (E) (3{g)- Since colimits of functors are computed pointwise, 
this is a 2-ring structure, and the commutativity constraint is inherited from A. ♦ 

The following lemma is of central importance: 

2.3.12 Lemma Let G be a small category and A a commutative 2-ring. Then ^A is an A-2- 
algebra. Moreover, there is an equivalence of categories: 



Proof The commutative 2-ring structure comes from that on A, as in example 2.3.11. 

We know from lemma 2.2.9 that ^A can be identified with A M *^Set as 2-abelian groups, and 
from now on we make this identification. The ^-2-algebra structure on ^ Kl '^Set is given by the 
canonical "inclusion" of A into the coproduct 74K1*^Set. Using this observation, the description of 
the 2-category ^-Com2Alg given after definition 2.3.3, and remark 2.3.8, we have 



2.4 Coends and tensor products of functors 

The formalism of tensor products x Kl/j y of two functors x and y defined on D (where x is 
contravariant while y is covariant) will be very useful. The definition requires the notion of coend, 
as in [ML98, IX], for example (especially section 6 of that chapter). This subsection will be devoted 
to introducing our notation and conventions, as well as exploring this construction through some 
preliminary results to be used below. 

Let C, D, E be small categories, M an arbitrary category, and A a category which "acts on M 
on the right" by means of a functor o : M x j4 — > M; we typically write m <a for <l(m, a). Then, 
given X G M^, y G ^A^ and objects c G C, e G E, define {xMn y){c, e) to be the coend 



assuming all such colimits exist (the categories on which we perform such constructions will always 
be cocomplete, and moreover, the actions will always be appropriately cocontinuous) . It is clear 



TK(G,A) =Hom^.CoM2ALG(' 



A, A) ~ HomcoM2RiNG( Set, A) 



HomA_CoMALG(^ ^ '^Set, A) ~ HomA-coMALG(^, A) x HomcoM2RiNG('^SET, A) 

~ HomcoM2RiNGC^SET,^). 
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that this definition is functorial in c and e, and what we have defined is, in fact, a functor Mo '■ 
^ X ^ . Strictly speaking, Kl^) also depends on the action <, but it will always be 
clear from the context which action we have in mind. When D is the category 1 (one object, one 
morphism), we simply write M for M^. Notice also that C on E oi both could be the category 1, 
in which case we omit them. 

2.4.1 Remark More generally, one can define in this way a functor Kl/) : ^ M^^^ x ^ A^^'^ — > 
Cj^ExPxQ^ ♦ 

For us, A will always be monoidal, and <i will be unital and associative in the obvious sense 
(there is an associator realizing a natural isomorphism between the two possible ways of going 
from M X ^ X ^ to M, etc.). From now on, whenever the construction appears, we make the 
assumptions that M is presentable, ^ is a 2-ring, and the action <i is separately cocontinuous. In 
many examples A = Set, and the action of a set S on an object m € M is simply the copower 
m ■ S: the coproduct of copies of m indexed by the set X. This is usually denoted by • m in the 
literature (e.g. [ML98, III.3]), but we reverse the order to keep the notation consistent with the 
use of right actions. On the other hand, if a € A, the 5-indexed copower of a might be regarded 
as the result of a right action of a on S* G Set, in which case it will be written S ■ a. 

We observed before (proof of lemma 2.2.9) that as a consequence of theorem 2.2.4, there is 
an equivalence of categories Hom2ABGp('^SET, A) = A'^. In the proof of theorem 2.2.4 we used 
the language of Kan extensions, but when G has no extra sketch structure, we can describe this 
equivalence much more explicitly. 

2.4.2 Proposition Let G be a small category. The equivalence Hom2ABGp('^SET A) = AP 
from theorem 2.2.4 realized as follows. Any morphism a : '-'Set A determines a morphism 

: ^Set*^ A^ by post-composition, and hence a distinguished object a(HomG'(— , — )) S A'^ . 
Conversely, any object x € A'^ determines a 1-morphism xMq : '-'Set A. ■ 

2.4.3 Definition Let ^ be a 2-abelian group and G a small category. The category '■^ A consists 
of the left G -representations in A, and A'-' are the right G -representations in A. The regular 
representation of a category G is the object ^G^ G '^Set'-' corresponding to Home : G°^ x G — > Set. 
Let Go denote the category with no nontrivial morphisms on the set of objects in G; the inclusion 
Go ^ G induces forgetful functors U : '^Set — > '^'^Set and Set'^ — ^ Set'^''. Since Go has no 
nontrivial morphisms, there is a canonical identification *^0j4 = A^° for any 2-abelian group A, and 
we call its objects Go-sorted objects in A. The left (resp. right) regular representation of G is the 
object ^G {G^) in '^Set'^" ('^'^Set'^) formed from '^G'^ by forgetting the right (left) action. ♦ 

When it is clear from the context which action of G on itself we have in mind, we might just 
write G instead of '^G or G'^. 

Let G be any small category. Then '-'Set is a 2-ring with (8) = x , and so every object in ^Set is 
a (coassociative, counital) coalgebra in a unique way, every object is cocommutative as a coalgebra, 
and every morphism is a morphism of coalgebras. In particular, the regular representation '^G*^ G 
'^Set^ = *^^*^°''Set is a coalgebra. Let A be a 2-ring and a : '^Set — )• A a 1-morphism of 2-rings. 
Then : '-'Set'^ — )• A'^ is also symmetric monoidal. We write x = x{a) for the cocommutative 
coalgebra a'^('^G*^) G A'^ , and and for its counit and comultiplication, respectively. We 
sometimes suppress the exponent in and simply write x = a{^G^). 

For a cocomplete category M and a small category G, any object x G M^o can be regarded 
as an object in '^oM'^o in an obvious way: simply set x{s,s) = x{s) and x{t,s) to be the initial 
object Om when s t G Go. If one then regards G as an object in '-'"Set^, it makes sense to define 
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Define ttq = t^o{G) € "Set " to be the equivalence relation on Gq whose classes are the 
connected components of G. If ^ is a 2-ring right-acting on M and y € A'^'^, one can regard y as 
an object of ^oj\Go (just as x above), so we can construct x M'^^ y = x ^Gq V € ^°M^°. 

If y = U{y) for some y € A'^ , notice that the right action of G on y descends to a right action 
on x y, despite the fact that y cannot be regarded as an object of '^"A'^, in general. We use 
the notation x y for the resulting object in ^'^M'-' . Simply put, x y{t,s) is x{t) <\ y{s) if 
G{t,s) ^ 0, and Om otherwise. This gives a functor xM^^_^ : A'^ ^°M^, and if £ G one 
defines a functor xKl^" : A'-' M'^^'^. Similarly, there are functors y : M^o "^ojvfG 
: M*^ — t- M^^^ . These will come up again soon. 

Now let a : *^Set A he a 1-morphism of 2-rings, x = a{^G'^), and x = U{x) E A'^" 
its associated sorted object. Let Tx : x G — )• x KI a; be the arrow defined on the summand 
xi£{g)) = x{e{g)) ■ {g} of {x Mg, GMg), rig)) = x{l{g)) ■ G{i{g), r{g)) by 

x^)) x{l{g)) ® x{i{g)) x{l{g))®x{r{g)). 

Then factors through x Kl^^^ rr, and from now on it is the resulting map x KIg,, G ^ x x that 
we will refer to as r^. The following observation will be very important below: 

2.4.4 Lemma With the above notations, the map : x Mgq G ^ x x is an isomorphism in 

Proof When A = '-'Set and a = id, the statement is equivalent to G being a groupoid. This gives 
an isomorphism r = tgg in ^"C^Set)^. Now notice that Tx is the image of r through the functor 
GoqjG . Go^Gggrp^G _^ Go^G induced by a, and hence must also be an isomorphism. ■ 



3 The fundamental pro-groupoid of an affine 2-scheme 
3.1 Definition of tti 

We introduce the following notions, which play a central role in the paper: 

3.1.1 Definition Let ^ be a commutative 2-ring. The fundamental or Galois pro-groupoid of A 
is the 2-functor Gpd — > CAT from small groupoids to possibly large but locally small categories 
defined, for any small groupoid G, by: 

7ri(^)(G) =HomA-coMALG(^^,^)- 

The fundamental pro-finite groupoid of A is the 2-functor 7r{(j4) : Gpdj CAT from finite 
groupoids to categories defined by the same formula. ♦ 

3.1.2 Remark The naturality of definition 3.1.1 in G is a simple matter, and is left to the reader. 
One could also allow G to be an arbitrary small category, but we will typically consider only 
groupoids, as many of the methods used do not work in the general case. We discuss what works 
and what fails in §6.2. ♦ 

3.1.3 Remark We will see later (theorem 3.2.14 and discussion below) that tti{A) always lands in 
the 2-category GPD of possibly large but locally small groupoids, and that in fact we can restrict the 
codomain of vri(yl) even further to Gpd (proposition 3.4.2). We will frequently abuse terminology 
and notation and denote these restricted versions of tti by the same symbols. ♦ 
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The main result of the paper (theorem 4.2.16) is that under certain reasonable conditions on 
the 2-ring A, the 2-functors 'rri{A) and tt({A) are pro-representable. We will then refer to their 
representing objects (which are pro-objects of the (2,l)-categories Gpd and Gpdj) as being vri(A) 
and T^i{A) respectively. This justifies the choice of name for the two versions of vri. We now start 
working our way towards that goal, by making several simplifications and reformulations. 

3.2 G-torsors in a 2-ring 

Let G be a small groupoid and A a commutative 2-ring. In view of lemma 2.3.12, we could just 
as well have defined vri(^) by G i— HomcoM2RiNG(*^SET, ^). In this section we describe the 2-ring 
homomorphisms '^Set ^ ^ as right G-torsors in A, and also show that morphisms of G-torsors 
are isomorphisms, and hence that vri(^) takes values in GPD (remark 3.1.3). We continue the 
notation of §2.4. 

3.2.1 Definition Let G be a groupoid and A a commutative 2-ring. Let y € A'^ be a cocommu- 
tative coalgebra, and y = U{y) G A*^" its associated sorted object. Using the notations introduced 
before lemma 2.4.4, y is said to be a right G-pseudotorsor in A if Ty is an isomorphism. If in 
addition the counit y — >■ 1a is a colimiting cocone, we call y a right G-torsor. The category of 
G-torsors in A with maps of coalgebras in A^ as morphisms is denoted by TORS(G, A). ♦ 

3.2.2 Remark We are trying to imitate the usual notion of G-torsor for a group G (see [MLM94, 
VIII.2]): the condition that Ty be an isomorphism is the correct "right principality" condition and is 
the analogue of [MLM94, VIII.2 Definition 6 (ii)], while the condition on the counit is an analogue 
of sorts for [MLM94, VIII.2 Definition 6 (i)]. In fact, it can be shown that when the 2-ring in 
question is a Grothendieck topos (cf. example 2.3.4) and G is a group, our definition agrees with 
Mac Lane and Moerdijk's. ♦ 

The following result provides further justification for the second condition imposed on a torsor 
in definition 3.2.1. 

3.2.3 Lemma Let A be a 2-ring, G a small category, and a and x = x{a) as above. Regard the 
counit : X — )• I^g as a cocone from the functor x : G°P A to the monoidal unit 1a ^ A. This 
cocone is a colimit. 

Proof Since a is cocontinuous, it suffices to check the case when A = *^Set and a = id. Then 
X = ^G*^ is the diagram in *^Set whose sth entry is G(— , s) G '^Set. Since colimits of functors are 
computed pointwise, it suffices to show that colimsgG°p G{t, s) = 1 for each t G G. But this is clear 
from the fact that every element of G{t, s) is the image of id : i — >• t through a map G{t, t) — >• G(t, s) 
induced by a morphism in G. ■ 

We now introduce some more notation. Recall that for a small groupoid G (or more generally 
a small category), we are denoting hy i = ic and r = re the target and source map from the set 
of arrows of G (also denoted by G) to Gq. Define A G ^Set^^^ by A = G^ G^. In other 
words, A(i; s, s') is the set of pairs of arrows with common target t with sources s and s'. The three 
G-actions are the ones coming from multiplication in G. We denote by A G '^Set*^"^*^ the object 
obtained from A by forgetting the right action of G on s in A{t;s,s'). 

Recall the notations Kl^"^ and introduced before lemma 2.4.4. Let A be a commutative 
2-ring, G a small groupoid, and x G A*^ a cocommutative coalgebra. The maps 

yy x{t) ■ A{t; s, s') x{s) (g) x(s') 
ieGo 
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defined on the summand x{t) corresponding to the pair {g,g') in A(t; s, s') by 



x{t) > x{t) (g) x{t) > x{s) (g) x{s ) 

induce a morphism rj^ : x A ^ x KI^' x in 

3.2.4 Lemma With the notations above, if x is a G-pseudotorsor in A, rjx is an isomorphism in 



Proof Let x be, as before, the Go-sorted object associated to x. Forgetting one of the right actions 
of G, r]x induces a map rjx '■ xMqA — )• xM'q^ x in '-'"A'-'. In order to prove that rjx is an isomorphism 
m it is enough to prove that rj^ is an isomorphism in ^'^A'-'. Indeed, one checks easily that 

since ry^ respects the right action of G x G, an inverse for ijx automaticaUy does so too. 

We now claim that we have an identification x Mq A = x G so as to make the following 
diagram commutative: 

x^gA^xMg,G"^x X. 

In view of the previous paragraph, this claim would finish the proof. 

To prove the claim, notice first that sending the pair [g, g') G A{t; s, s') of arrows in G with 
common target t and sources s and s' to the pair {g,g~'^g') € G2 (the set of composable pairs 
of arrows in G) is an isomorphism A = G2 in '-'Set'"'"^'^. Here, G2 is viewed as an object in 
GgE^GoxG G2{t;s,s') = pairs (5, h) such that g has source and target s and t, while h has 
source and target s' and s respectively. The left (right) action of G on such a pair (g, h) is by 
composition with g (resp. h). The analogue for groups is the familiar observation that if is a 
group, then the diagonal action by left translation and the left translation action on just the left 
hand factor are isomorphic left H-set structures on H x H. 

Applying the functor xMg to the isomorphism A = G2 just constructed, one has an isomorphism 
xMGA = xmGG2in '^^A^. Now note that G2 = ^G Mgo G^ as objects of '^Set'^"'"^. We thus 
get the following series of isomorphisms in '^^A^: 

x^gA ^ xMgG2 = x^G^G^GoG^] ^ xMgoG. 

It is straightforward now to unwrap the definitions and check that the composition of all of these 
makes (3) commutative. ■ 

The following proposition is in a sense well known, and has appeared in many guises and in 
many settings before; [MLM94, Theorem VIII. 2. 7] and [Ulb89, Theorem 1.2] are two such examples, 
in the context of torsors in topoi and of Hopf-Galois objects, respectively. 

3.2.5 Proposition Let G he a small groupoid, A a commutative 2-ring, and a : '^Set A a 1- 
morphism of commutative 2-rings. Then x = a{^G^) G A^ is a right G-torsor, and a i->- ai^G^) 
defines an equivalence IIomcoM2RiNG('^SET, A) ~ TORS(G, A). 

Sketch of proof We noted in the discussion preceding lemma 3.2.3 that x is a cocommutative 
coalgebra. The fact that it is actually a torsor follows from lemma 3.2.3 and lemma 2.4.4, each of 
which takes care of one of the two conditions a torsor has to satisfy. 

Now let X be a G-torsor in A, and consider the functor x^g ■ '^Set — > A. We have to check 
that (a) the torsor structure on x makes xMg a symmetric monoidal functor in a natural way, (b) 
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the canonical isomorphism x = x{xMg) in A'^ from proposition 2.4.2 is actually an isomorphism of 
coalgebras in A*^ , and similarly, (c) that the isomorphism a = x{a)MG in Hom2ABGp('^SET, ^) is 
monoidal. These statements are more or less routine. For this reason, we only partially explain (a) 
by indicating how the monoidal structure is constructed on the functor xKIg, and leave the rest to 
the reader. 

To construct an isomorphism x Klg (Igset) — ^A, notice first that the former is, by the very 
definition of Klg, the colimit of the functor x : G°p — )> A. By one of the two torsor conditions for x, 
£x ®G id will be an isomorphism. 

We now want an isomorphism x {S T) = (x S) (x T), functorial in S'jT G 
'^Set. For objects t,s,s' G Go, a pair {g,g') G A{t;s,s') and elements a G S{s), a' G T{s'), send 
{{g,g'),{a,a')) to {ga,g'a') G (S'(8>T)(t). It is easily checked that this induces an isomorphism 
C : A MgxG (SMT) ^ S in "^Set. The composition 

xMg{S®T) ^^^^ {xMgA)Mgxg{S^T) 

'-^^^{xmio,)MG.G{smT) 

= > {x Mg S) (g) (x Mg T) 



is the desired isomorphism, completing the construction of the monoidal structure on the functor 
x^G- The second isomorphism in this series comes from lemma 3.2.4, while the last one makes use 
of the symmetry in A. ■ 

3.2.6 Remark This result says, essentially, that '^Set is the universal 2-ring containing a right 
G-torsor. ♦ 

We call ai^G^) the right G-torsor associated to a, and henceforth we freely transition between 
commutative 2-ring morphisms '^Set — )• A and right G-torsors in A. As promised at the begin- 
ning of this subsection, our aim will now be to show that morphisms of torsors are automatically 
isomorphisms. For this, we need some preparations. 

3.2.7 Definition A functor is conservative if it reflects isomorphisms. ♦ 

3.2.8 Lemma Let G be a groupoid, A a 2-ring, and a : '-'Set A a morphism of 2-rings. Let 
X = a {'^G^) G A^, and let X G ^4*^" be its associated sorted object. Then the functor xKI : A A'^'^ 
is conservative. 

Proof The functor xKI factors as xM : A — )• A^, followed by the forgetful functor U : A'^ — >■ A'^o. 

Since U is conservative, it suffices to show that xM is conservative. 

Let / : a ^ 6 be an arrow in j4, and assume that x Kl / is an isomorphism in A'-' . Recall that 
: X ^ 1 is a colimiting cone of x. Since tensoring with a fixed object preserves colimits, the 

cocone xKla— )• l(8>a = aisa colimit. Together with its analogue for 5, this cone fits into the 

following commutative square: 

mf 

xMa > xMb 



Thus / is the unique arrow between the colimits of x Kl a and x M b induced by the natural 
transformation xM f . But since the latter is an isomorphism, so is /. ■ 
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The following definition imitates the usual construction of the cotensor product of comodules 
from e.g. [BW03, Section 10]. 

3.2.9 Definition Let x be a coalgebra in a monoidal category V. Denote by and the 
categories of right and respectively left x-comodules in V, and let m : C — )• and n : D he 
functors, where C, D are small categories. Regarding x as a functor from the category 1 to V, we 
can talk about mMx:C^V,mMxMn: CxD^V, and so on. We refer to m (resp. n) as a 
C- (resp. D-) indexed right (resp. left) x-comodule, and we think of the usual comodules over x as 
comodules indexed over the category 1. Finally, let pm : m ^ m^xhe the natural transformation 
inducing the right comodule structure on each m(c), c G C, and define pn similarly. The cotensor 
product mdx n is the following equalizer in '^'^^V, if it exists: 

m Da; n » mMn \ mM xMn 

We usually work with categories V which have the necessary limits, and we assume from now on that 
choices of such equalizers have been made, so as to induce a functor D^: ^(F^) x ^{W) ^^^F.f 

3.2.10 Lemma Let V be a symmetric monoidal category, and f : x ^ y a map of coalgebras in 
V . We denote by px : x ^ x ® y the map {\.dx ®f) o A^, making x into a right y-comodule. Then 
the diagram 

x > X ®y \ X (^y ®y 

ida; (giAj, 

exhibits x as the cotensor product x y. 

Proof For ease of notation, we relabel the maps in the above diagram as 

X > X <^y I x ®y ®y. 

do 

Now embed this diagram into 




where u = idx 0£y and v = idx^y ®£y Note that we have the identities 

doe = die, ue = idx^y, vdo = id^^^^^y, vdi = eu. 

These make the diagram (dual to) a split fork in the sense of [ML98, Section VI.6], hence an 
equalizer diagram by the dual of [ML98, Lemma in VI.6]. ■ 

3.2.11 Remark The proof of lemma 3.2.10 is more important than the statement itself. We 
obtained px '■ x ^ x y as an equalizer in a split fork — a split equalizer (the notion dual to Mac 
Lane's "split coequalizers" [ML98, Section VI.6]). Whenever this happens, we say that x has been 
realized as a split cotensor product x \I\y y. ♦ 
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Let ^4 be a 2-ring, G a groupoid, and / : x — )• y a map of coalgebras in . This induces a 
map (also denoted by /) x — >■ ?/ of coalgebras in A, and hence the structure px '■ x ^ x U of 
a right y-comodule on x (note that the tensor product in A^° is exactly KIgq, introduced in §2.4; 
since either y or x can be regarded as an object in G'o^Go^ ^Gq V has a natural Go-sorted object 
structure). Finally, note that y y G (^o^G jg naturally a left y-comodule indexed by G°p. 

3.2.12 Lemma x ^'q^^ y can he realized as a split cotensor product x Oy [y Kl^"^ y). 

Proof Apply the functor ^'q^^tj to the diagram in the statement of lemma 3.2.10 for V = and 
® = Klfjo, and use the fact that functors preserve split forks. ■ 

Just like y y, y Mgq G is a G°P-indexed left y-comodule, so we can now talk about the 
cotensor product x Uy {y Mgq G). Since split forks are preserved by functors, remark 3.2.11 shows 
that 

X Mg, G > X y ^Go G ] X Mg, y ^Go V ^Go G 

id^ ^Go^y^GoG 

is a split equalizer. All together, we have proved: 

3.2.13 Lemma The map w : x ^Go G ^ x ^Go V ^Go G whose component at {t, s) G Go x Gq is 
defined by 

{x^GoG){t,s)= Yl x{t)^^^^^^ Ylx{t)^x{t)^^^^ x{t)(^Yly{t) = [xMGoy^GoG]{t,s) 
g&G{t,s) 9 9 

exhibits x IEIgq G as a split cotensor product x Dj^ {y ^Go G) ■ B 
Finally, we come to the main result of the section: 

3.2.14 Theorem Let A he a commutative 2-ring, and G a groupoid. If a and j3 are 1-morphisms 
of 2-rings from '^Set to A and x '■ ^ P is a 2-morphism, then x is an isomorphism. 

With the preparations we have made, this is now a simple matter of imitating the usual proofs that 
"maps of torsors are automatically isomorphisms" (e.g. [BiclO, Proposition 1.6]). 

Proof We use the notation introduced above: x € A^ and x € ^°A are the torsor and respectively 
the Go-sorted object associated to a, and y and y are similarly associated to /3. The 2-morphism x 
induces a map f : x ^ y, which is an isomorphism in the category of coalgebras in A*^ if and only 
if X is an isomorphism. It suffices to check that Uf : x — >■ y is an isomorphism in A^". 
Consider the following diagram in 



xmG.G 



X Dy {y G) 



X KgJ^ y 



xOy (y^Zy) 
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One checks easily that it is commutative. We know that Tx and Ty are isomorphisms from the 
discussion right before lemma 3.2.8. We also know that the vertical arrows are isomorphisms: 
lemma 3.2.12 states this for the right hand arrow, and lemma 3.2.13 for the left hand one. It 
follows then that id^; ^^o'^ must be an isomorphism. But then every component fs '■ x{s) y{s) 
is an isomorphism by lemma 3.2.8, or, in other words, U f is an isomorphism, and we are done. ■ 

3.2.15 Remark The theorem shows that the 2-functor tti : Gpd — > CAT actually takes values in 
the full sub-2-category GPD of CAT consisting of possibly large but locally small groupoids. ♦ 

3.3 Cartesian 2-rings 

In this subsection we simplify matters further by restricting our attention to a special class of 
commutative 2-rings: 

3.3.1 Definition A 2-ring A is cartesian if its monoidal structure is the one given by the binary 
product and terminal object. ♦ 

3.3.2 Example (a) We observed before in example 2.3.4 that Grothendieck topoi (for example, 
'-'Set) are cartesian 2-rings. 

(b) Any complete Heyting algebra, i.e. a complete distributive lattice which is cartesian closed 
when regarded as a category with product given by the meet operation ([MLM94, III. 2]), is a 
cartesian 2-ring. We will see later that such examples are ill-suited for our purposes, and they need 
to be ruled out in order to prove our main result (theorem 4.2.16). ♦ 

Now let ^ be a commutative 2-ring, and denote by Cog(^) the category of cocommutative 
coalgebras in A. The comultiplication and counit of a coalgebra a in a monoidal category will be 
denoted by and Ea, respectively. We will see in this subsection that Cog(A) is a cartesian 
2-ring, and it is a "good replacement" for A from our point of view. First, we recall the following 
simple result, entirely analogous to the fact that the tensor product is the coproduct in the category 
of commutative algebras over some ground field. 

3.3.3 Lemma Let A he a symmetric monoidal category, and Cog(^) the category of cocommu- 
tative coalgebras in A. Then the tensor product of coalgebras is the binary product in Cog{A). 

m 

In particular, Cog(j4) has a natural structure of cartesian monoidal category for any symmetric 
monoidal category A. We now want to show that when A is a commutative 2-ring, Cog(^) itself is 
a cartesian 2-ring. The cocontinuity of functors of the form x® for x G Cog(^) is clear, since the 
forgetful functor Cog(j4) A preserves colimits (in other words, the colimits of cocommutative 
coalgebras in A are the colimits of the diagrams of underlying objects). What is not obvious, 
however, is that Cog(^) is a presentable category. The result is an immediate consequence of 
Porst's work on (co)reflections for categories of (co)algebras in [Por08]. 

3.3.4 Proposition For a commutative 2-ring A, its category of cocommutative coalgebras Cog(j4) 
is a cartesian 2-ring. Moreover, the forgetful functor COG(yl) A is comonadic. 

Proof The previous discussion reduces the first statement to showing that Cog{A) is presentable. 
A commutative 2-ring is an example of what Porst calls an admissible monoidal category [Por08, 
Definition 2.1]. But then the theory developed in Porst's paper applies to A, and we conclude that 
Cog(^) is indeed presentable, and also comonadic over A [Por08, Summary 4.3]. ■ 
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We now show that Cog(j4) A is a universal map from a cartesian 2-ring to A: 
3.3.5 Proposition Let A, B be commutative 2-rings with B cartesian. Then, the functor 

[/* : HomcoM2RiNG(-B, Cog(A)) HomcoM2RiNG(^, ^) 
induced by the forgetful functor U : Cog(^) A is an equivalence of categories. 

Proof Recall that in a cartesian monoidal category, all objects are coalgebras in a unique way, and 
all morphisms are automatically coalgebra maps. 

Now let 6 € S be an object, and a : B ^ A a morphism of commutative 2-rings. The object 
a(b) € A has the usual coalgebra structure, given by the compositions 

a(Ab) s 

A : a(6) >a{b(S>b) > a(6) (g) a(6), 

q(£(,) ^ 

e : a(b) » a{lB) > 1a, 

where the right hand arrows are the ones giving the monoidal structure on a. One checks immedi- 
ately that if / is a morphism in B, a{f) preserves these coalgebra structures. 
The faithfulness of C/* follows from that of U. 

Now let a, f3 : i? — )• 000(^4) be monoidal functors, and ^ : C/*(a) — )• U^{I3) a monoidal natural 
transformation. Let 6 E S be an object, and consider the diagram 



a{b) > a{b b) 



^ /9(Ai,) 

m ) /3(6 b) 



■ a{b) ® a{b) 

ib«>ib 



where the rows are as in (4). The left hand square commutes because is a map of coalgebras 
(since 6 is a cocommutative coalgebra) and ^ is a natural transformation, while the right hand 
square commutes because ^ is monoidal. The commutativity of the outer rectangle means that ^f, 
preserves the comultiplications on a{b) and /3(6) constructed by (4). A similar argument shows that 
the counits on a{b) and f3{b) are also intertwined by and hence that ^i, is a map of coalgebras. 
This shows that the natural transformation ^ is the image through of a natural transformation 
between a, /3, and hence proves the fullness of [/=„. ■ 

By applying proposition 3.3.4 to the cartesian 2-ring B = '^Set, we are free to work entirely 
within the framework of cartesian 2-rings when studying vri : 

3.3.6 Corollary Let A be a commutative 2-ring, and U : COG(yl) A the forgetful functor. 
Then, the natural transformation 7ri(COG(^)) tti{A) defined for each small groupoid G by 

7ri(COG(A))(G) = HomcoM2R,iNG(^SET, Cog(^)) — ^ HomcoM2RiNG(^SET, A) = 7ri{A){G) 
gives an equivalence 7ri(COG(yl)) ~ 7ri(A). A similar statement holds for Tr(. ■ 
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3.4 Smallness 



In this short section we prove that for a commutative 2-ring A, the 2-functor 7ri(A)( — ) : Gpd — > 
GPD defined above (see definition 3.1.1 and remark 3.2.15) actually takes values in the 2-category 
of essentially small groupoids. This will allow us to interpret it as a endo-2-functor of Gpd, which 
in turn will bring us one step closer to our goal of proving the pro-representability of tti (A) under 
suitable conditions on A. We first need some notations. 

Let j4 be a cartesian commutative 2-ring, G a small groupoid, and y E j4 an object. We denote 
by Gy the groupoid with the same objects as G, and whose arrows s t (for s, i S Go) are the 
elements of Hom^(y, G{t, s) ■ 1a), with the obvious composition given by composition of arrows in 
G. 

3.4.1 Lemma Let A be a cartesian commutative 2-ring, G a (small) groupoid, and x a right G- 
pseudotorsor in A. Then, for any object y ^ A, the functor G°^ — > Set defined by Gq 3 s ^ 
Hom^(y,x(s)) defines a right Gy-pseudotorsor in Set. 

Proof Unpacking the definition of (see definition 3.2.1), we get an isomorphism 

x{t) X {G{t,s) ■ Ia) ^ x{t) X x{s) 
for every pair (t, s) S -7ro(G). Now simply apply the functor Homyi(y, — ). ■ 

3.4.2 Proposition Let A be a commutative 2-ring, and G a small groupoid. Then there are setly 
many G-torsors in A. 

Proof We assume that A is cartesian (we can always do this, according to corollary 3.3.6). Suppose 
A is K-presentable for some regular cardinal k. Let x be a G-torsor in A, and y & A a K-presentable 
object. 

We know from lemma 3.4.1 that s i-^ Hom^(y, a;(s)) is a right G^-pseudotorsor in Set, which 
we denote by y. The pseudotorsor condition (see definition 3.2.1) now implies that for s € Go, y{s) 
is either empty or a principal homogeneous space over the automorphism group of s in the groupoid 
Gy. Since there are setly many K-little objects y, there is a uniform bound on the sizes of all Gy. 
This implies that there is a uniform bound on the sets ilomA{y, x{s)), and hence that the canonical 
cocone ([AR94, 0.4]) on the K-little objects with tip x{s) is A-small for some cardinal X > k which 
does not depend on x. Since x{s) is the colimit of the canonical cocone (see [AR94, Proposition 
1.22]) and the colimit of a A-small diagram of k- little objects is A-little ([AR94, Proposition 1.16]), 
x{s) must be A-little. But this means that there is a small set of choices of x{s) (up to isomorphisms), 
and the conclusion now follows easily. ■ 

4 The main result 

4.1 2-limits and pro-representability 

The previous section shows that our (2-)functor tti : Gpd CAT can actually be interpreted as 
a 2-functor from the 2-category Gpd of small groupoids into itself. As indicated before, our final 
aim will be to show that this 2-functor and its cousin vr^ are actually pro-representable. To make 
the categorical terminology precise, we will refer mainly to [LurODb]. 

Lurie works with (cxd, l)-categories, which are simplicial sets with a certain property. The notion 
can be specialized to that of (n, l)-category ([Lur09b, 2.3.4]). For us, the theory is important 
through its applications to (2, l)-categories. One can define (2, l)-categories in a "classical" way 
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too, without resorting to the theory of simphcial sets, by starting out with the usual notion of (weak) 
2-category, also called a bicategory (as in [Ben67], for example), and then imposing the condition 
that 2-morphisms be invertible. We take it for granted that the two notions are "equivalent" in a 
more or less straightforward way, and we will henceforth apply the results of [Lur09b] directly to 
the (2, 1) level without making all the necessary translations explicitly. 

Generalities on 2-categories, 2-functors, etc. can, by now, be found in countless sources; see 
[Lei04, 1.5], for instance, for a very concise and readable account. In the case of (2,l)-categories, 
limits in the sense of [Lur09b, Chapter 4] are simply those of the underlying 2-categories, sometimes 
called bilimits, treated for example in [Kel89, Section 6] or [StrSO, Section 1]. When we happen to 
refer to "limits (colimits) in a 2-category," bilimits (bicolimits) are always what we mean. We will 
describe the specific limits used in our arguments, such as equalizers or equifiers of groupoids. 

4.1.1 Definition A poset J is said to be left- filtered (or, equivalently for posets, left- directed) 
if for any pair of elements x,y ^ J there is an element z with z < x,y. One similarly defines 
right- filtered/ right- directed posets by reversing the inequalities. ♦ 

4.1.2 Definition Let C be a (2,l)-category. A pro-object in C is a 2-functor x : J ^ C for some 
left-filtered poset J, the latter being regarded as a (2,1) category in an obvious way. 

The pro-objects of C form a (2,l)-category Pro-C with hom-categories defined as follows: if 
X : J ^ C and y : I ^ C are two pro-objects, set 

HompRo-c(a;,2/) = lim lini Homc(x(j), 7/(i)). 



4.1.3 Remark A (2,l)-category C has a fully faithful embedding in Pro-C: simply send an object 
c G C to the constant diagram c. ♦ 

4.1.4 Definition If C is a (2,l)-category, a functor F : C ^ Gpd is pro-representable if it is 
(equivalent to a functor) of the form HompRo-c(x, — ) : C — > Gpd for some pro-object x € Pro-C.^ 

Finally, we adopt some non-standard terminology regarding finite limits: 

4.1.5 Definition A (2,l)-category is finitely complete if it admits finite products and equalizers. A 
functor between (2,l)-categories is finitely continuous if it preserves finite products and equalizers. ♦ 

We then have the following immediate consequence of the results in [Lur09b] : 

4.1.6 Proposition Let C be a finitely complete (2,l)-category. A functor F : C Gpd is pro- 
representable if and only if it is finitely continuous. 

Proof This is the analogue for (2,l)-categories of the dual to [Lur09b, 5.3.5.4], coupled with the 
fact that Lurie's finite limits can be built up from finite products and equalizers (see remark 4.1.8 
below) . ■ 

4.1.7 Remark We could have defined pro-objects by means of left-filtered categories, or even 
left-filtered (2,l)-categories. However, since we are essentially interested only in taking limits 
along left-filtered diagrams, the argument dual to [Lur09b, 5.3.1.16] shows that there is no loss of 
generality in using only left-filtered posets. ♦ 
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4.1.8 Remark One of the advantages of working with groupoids rather than arbitrary categories 
is that Gpd is a (2,l)-category rather than merely a 2-category; we can thus make fuh use of 
the fact that, just as for an ordinary category, (finite) hmits in a (2,l)-category are constructed 
from (finite) products and equahzers (dual version of [Lur09b, 4.4.3.2]). Compare this to the more 
general setting of 2-categories, where first of all one has to bring in so-called weighted or indexed 
limits ([StrSO, 1-12]), and secondly, more work is needed to check the existence and preservation of 
(weighted) limits: one can adapt the argument in [Kel89, Proposition 4.4] to show that products, 
equalizers and equifiers will do; alternatively, products, equalizers and weighted powers suffice, as 
in [StrSO, 1.24], corrected in [Str87] (Street refers to weighted powers as "cotensor biproducts"). 
Since both Gpd and GpDj are finitely complete (see the examples below), the pro-representability 
of vTi and 7r{ is reduced to checking that the two functors preserve finite products and equalizers. ♦ 

We now recall the examples of limits in Gpd and Gpd j which will be relevant to the discussion 
below. 

4.1.9 Example (Products) Let Gi, z S / be a set of (small) groupoids. The product G = JJC^ 

is the groupoid, uniquely defined up to equivalence, with maps iTi : G ^ Gi, universal in the sense 
that they induce a natural equivalence of groupoids 

HomGPD(-,G') = JjHomGPD(-,G'i). 

It is easy to check that (up to equivalence) this is simply the familiar product: Go is the usual 
cartesian product of sets JJ(Gj)o, and similarly for arrows. When the indexing family / happens 

to be empty, one gets the terminal object of Gpd: it is just the groupoid 1, with one object and 
one morphism. Gpd has products indexed by any set /, while Gpdj has finite products (i.e. those 
indexed by finite /). ♦ 

4.1.10 Example (Equalizers) These are the limits (in the 2-categorical sense, as always) of 
diagrams of the form 

f 

G I H 

in Gpd or Gpd/. 

The strict analogue of this kind of limit, when one works in a strict 2-category and the limits 
are required to be defined up to isomorphism rather than only up to equivalence, would be referred 
to as an iso-inserter ([Kel89, Section 4]). For us, the limit would have to be a groupoid K with 
a functor ^ : K ^ G and a natural transformation p: ipo^^ipo^ which is universal in the 
appropriate sense. We describe the construction, since it will be of central importance below. 

The objects of K are pairs {s,h), where s € Gq and h : (/?(s) — > ip{s) is an arrow in H. Given 
such pairs (s, h) and (s', h'), an arrow (s, h) — t- (s', h') in K is an arrow g of G for which the diagram 



ip{s) (f{s') 



h' 



■>P{9) 

^(s) ^ ^(.0 
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commutes. The natural transformation p is defined by sending the object (s, h) € Kq to the arrow 
heH. 4 



4.1.11 Example (Equifiers) Although, according to proposition 4.1.6, in order to prove the pro- 
represent ability of a functor between (2,l)-categories all one needs to do is check preservation of 
finite products and equalizers, it is nevertheless instructive to study another kind of 2-limit, namely 
equifiers. In fact, the failure of equifier preservation, which is very easy to verify, will prompt us to 
impose additional conditions on our commutative 2-ring A in order to prove the pro-representability 
of TTi{A) in theorem 4.2.16 (definition 4.2.6). 

An equifier in a (2,l)-category is simply a limit of a diagram of the form 




G ^€ ^5' H 




It consists of an arrow j : K ^ G such that ^.j = which is universal in the appropriate sense 
(where the lower dot denotes "horizontal" composition of 1- and 2-morphisms). If the diagram 
above is in Gpd (or Gpdj), j : K ^ G is nothing but the inclusion of the full subgroupoid of G 
generated by those objects on which the two natural transformations are equal. 

Note that for this description of equifiers, it is crucial that we work with (2,l)-categories rather 
than just 2-categories: indeed, equifiers are usually described as weighted limits (cf. remark 4.1.8), 
and in the more general setting, the usual definition need not coincide with ours. ♦ 

4.1.12 Remark Equifiers are finite limits in the sense of [Lur09b]: when we view a (2,l)-category 
C as a simplicial set, an equifier is a limit of a diagram K ^ C for a finite simplicial set K. It 
follows from the dual of [Lur09b, 4.4.3.2] that they can be built up from products and equalizers, 
and hence are preserved by any finitely continuous functor as in definition 4.1.5. ♦ 

We make one final observation, this time on colimits in the 2-category CAT of possibly large but 
locally small categories, which will be useful later. Let J be a right-directed poset, and x : J — ?• CAT 
a strict 2-functor; in other words, x is a 1-functor from J to CAT, when both of these are regarded 
as ordinary 1-categories. Then x has a 2-colimit lim x, and also a colimit lim' x when regarded as a 
1-functor. The universal property of lim then gives us a functor limx lim'a;. Our observation, 
whose proof we leave to the reader, is 

4.1.13 Proposition In the setting outlined above, the canonical functor limx — )• lim'x is an 
equivalence. ■ 

4.2 Does 7ri(A) preserve limits? 

We now come to the main question that we have to answer in order to prove that vri [A) and tti {A) f 
are pro-representable (see proposition 4.1.6): are they finitely continuous? This question can also 
be phrased differently, as explained below. 

Let G be a small category. As we remarked in example 2.3.4, "^Set = Functors (G, Set) = 
Sheaves(G°p) is a commutative cartesian 2-ring. Given a functor f : G ^ H, the pullback 
map /* : '^Set ^ ^Set has both right- and left- adjoints /* and /i, given by the right and left 
Kan extensions. Hence /* is both cocontinuous and continuous, and in particular respects finite 
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products. Thus it is a morphism of commutative 2-rings, and similarly natural transformations of 
functors G ^ H induce 2-morphisms of 2-rings. Therefore the construction G i— > 2Spec('^SET) 
extends naturally to a 2-functor 2Spec(°SET) : Cat 2AfSch, where Cat is the 2-category of 
small categories, functors, and natural transformations. We will soon specialize to 2Spec('^SET) 
for small groupoids G, but we denote the restriction of 2Spec('^SET) to Gpd by the same symbol. 
Since iti{A) is the composition 

^ Hom2AFSrH(2Spec(yl), — ) ^ 

G ^ 2Spec(^SET) —J Hom2AFScH(2Spec(A),2Spec(^SET)), (5) 

it is finitely continuous as soon as 2Spec(^SET) is. We begin with a result which applies to arbitrary 
categories, so we phrase it using the Cat version of 2Spec('^SET). 

4.2.1 Proposition The functor 2Spec('^SET) : Cat — ?> 2AfSch preserves finite products. 

Proof This follows from the equivalence '^^^Set = '^Set M ^Set of commutative 2-rings (noted 
in example 2.2.7 at the level of abelian 2-groups) and remark 2.3.8, saying that Kl is the binary 
coproduct of commutative 2-rings. ■ 

For the remaineder of the paper, we specialize from Cat to Gpd. Nevertheless: 

4.2.2 Lemma The functor 2Spec('^SET) : Gpd 2AfSch does not preserve infinite products. 

As we use the word continuous to describe functors that preserve categorical limits, we prefer not 
to use the word "continuous homomorphism" when we mean that it respects some extra topology. 
Rather, given topological categories X,Y, we say that a functor f : X ^ Y is topological if it is 
"continuous" in the non-categorical sense. 

Proof Let ¥p is the field with p elements and G a groupoid in Set. We will show in proposition 5.1.5 
that Hom2AFScH(2Spec('^pVECT), 2Spec(*^SET)) is naturally equivalent to the groupoid whose ob- 
jects are topological homomorphisms Z — >■ G, where Z = Gal (Fp/Fp) is given its profinite topology 
and G has the discrete topology. (The morphisms are natural transformations of such functors; 
since Z has only one object, one need not think about topology when defining the natural transfor- 
mations.) In particular, Hom2AFScH(2Spec('^pVECT), 2Spec('-'SET)) = HomTopGpol^, D) respects 
all finite limits of groupoids. 

But now set G = Z with its discrete topology. If Hom2AFScH(2Spec('^pVECT), 2Spec('-'SET)) 
respected all limits, then id : Z -> Z would be in IIom2AFScH(2Spec('^pVECT), 2Spec(^SET)), but id : 
profinite discrete is not topological. Thus the functor Hom2AFScH(2Spec('^pVECT), 2Spec('-'SET)) 
cannot respect infinite products, and hence neither can 2Spec('^SET). ■ 

4.2.3 Remark The problem is that products of categories correspond to tensor products. But we 
do not demand of a commutative 2-ring that it be able to make sense of infinite tensor products. 
The reader is invited to consider also the case of an infinite product of the groupoid with two 
objects (and only identity morphisms). ♦ 

Regarding limits other than products, we have the following negative result: 

4.2.4 Lemma The functor 2Spec('-'SET) : Gpd — )• 2AfSch does not preserve equifiers. 
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Proof Let G, H be finite groups. Pick a homomorphism f : G ^ H and a non-identity element h G 
H that centralizes the subgroup f{G) C i/. Then h determines a nontrivial natural automorphism 
of the functor /, where G, H are thought of as one-object groupoids. The equifier of the diagram 




is the empty groupoid 




G J| id J| h, H 



However, at the level of commutative 2-rings, the diagram 



'^Set J| id i},h "Set 



(6) 



/* 

does not have '''Set = as its coequifier. Indeed, consider the 2-ring {0 — > 1} with two objects, a 
unique nontrivial morphism, and (8) = x. There is a unique 1-morphism of 2-rings ^Set ^ {0 — )• 1}, 
given by sending all non-initial objects of '^Set to the object 1 € {0 ^ 1}. This homomorphism 
does not factor through the zero 2-ring, but upon whiskering by this 1-morphism, the two 2- 
morphisms id, h of 1-morphisms ^Set — ?> {0 — > 1} become equal. So the coequifier of the diagram 
(6), if it exists, has a 1-morphism to {0 — )■ 1}, and thus cannot be the zero 2-ring. ■ 

As explained in the proof of lemma 4.2.4, the problem for equifiers is that posets like {0 — > 1} 
are bad. In order to rule out such examples, we will restrict our attention to a certain full sub-2- 
category of Com2Ring. 

4.2.5 Definition Let A be a cartesian 2-ring. We say that A has disjoint coproducts if whenever 
we have an expression a = JJ^ in A of an object a as a coproduct, the canonical maps ai ^ a 

iei 

are monomorphisms, and the pullbacks Oj Xq aj are the initial object for all i ^ j £ I. 

We say that coproducts in A are stable if for any map b ^ a = in A, the canonical maps 

bi = b XaOi ^ b make b the coproduct bi . ♦ 

4.2.6 Definition A cartesian 2-ring is said to be good if its coproducts are disjoint and stable. A 
commutative 2-ring A is good if Cog(A) is a good cartesian 2-ring (see proposition 3.3.4). 

We denote by Good2Rings the 2-category of good commutative 2-rings with the usual 1- 
and 2-morphisms, and by Good2AfSch its 1-opposite. GoodCart will be the category of good 
cartesian 2-rings. ♦ 
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4.2.7 Example Notice that the notions of disjoint and stable coproducts are precisely the ones 
used in the topos literatue (e.g. [MLM94, Section 1 of Appendix]): all Grothendieck topoi are 
(cartesian) good 2-rings. In particular, '^Set is a good 2-ring for any small category G. We will 
henceforth regard the functor 2Spec(°SET) : Gpd 2AfSch as taking values in Good2AfSch.4 

4.2.8 Example Although we will not prove this here, every abelian commutative 2-ring (i.e. com- 
mutative 2-ring which is also an abelian category) is good. In particular, we can apply any results 
we obtain for good 2-rings to, for example, the category of quasicoherent sheaves on a scheme. ♦ 

The merit of definition 4.2.6 is that it allows us to prove the following result: 

4.2.9 Proposition The functor 2Spec('-'SET) : Gpd Good2AfSch preserves equalizers. 

Before going into the proof, we rephrase the problem slightly. Let 

K H (7) 

€ G ^ 

be an equalizer diagram in Gpd as described in example 4.1.10, and 



Set 




a diagram in Good2Rings. We have to prove that the latter factors as 

^Set 

-^Set,^ ^p* ^^-f^SET 

r '^Set V 



up to the obvious notion of natural equivalence, and that this factorization is unique, again up to 
the appropriate notion of equivalence. 

First, according to corollary 3.3.6, we may as well assume that A is cartesian, and everything 
takes place inside GoodCart. Secondly, by proposition 3.2.5, we can recast everything in terms 
of torsors in A. In that language, a has a corresponding right G-torsor x = x{a) in A, while the 
natural isomorphism q is an isomorphism q : x H x H of right i?-torsors in A. We now 
elaborate on this notation. 

The groupoid morphism ip : G ^ H allows us to construct the iJ-torsor = ip*{H^) in 
'^Set. It now makes sense to talk about the right i7-representation x {tpH), which we denote 
by X Kl^ H to keep things simple. It can now be checked that x H is actually a right i/-torsor 
in A. 

Regarding M^H and M^H as functors from ToRS(G, ^) to ToRs{H,A), let ToRS(G, A; -0) 
be the equalizer of M^pH, Kl^ff : TORS(G, A) -> TORS(//, A). Its objects are right G-torsors x in A 
together with a morphism q : x Kl<^ H ^ x H (which will then automatically be an isomorphism 
by theorem 3.2.14), and a map from (x,g) to {x',q') is a morphism / : x — )• x' in TORS(G, ^) 
commuting with the g's in the obvious sense. 

For a right X-torsor y in A, one can similarly talk about the right G-torsor y G. Note that 
there is an isomorphism {y G) M^p H = y Klt^og H (and similarly for ■0). Furthermore, since 
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by the universal property of the equahzer : K ^ G we have an isomorphism ^po^H = ^o^H, 
there is an isomorphism y Klj^og H = y M^oS^ H, which we wih denote by py. There is a functor 
T : TORS(i^, ^) TORS{G, A;if,ip) defined by sending the right K-torsor y to y Kl^ G, together 
with the isomorphism 

{y M^G)m^H^y M^^^ H y M^oi H^iyM^ G) H. 

Proposition 4.2.9 can now be rephrased as 

4.2.10 Proposition Given an equalizer diagram (7) and a good cartesian 2-ring A, the functor 

T : TORS(i^, A) TORS(G, A; ip, ip) 
defined above is an equivalence. 

We work our way towards the proof by first showing: 

4.2.11 Lemma Proposition holds if and only if it holds in the case when G is a connected 
groupoid. 

Proof We only prove the non-obvious implication connected =^ general. Let Gj, i € / be the 
connected components of G. Then the equalizer : K G breaks up as a disjoint union of 
Ki = which are the equalizers of the restrictions of (/? and tp to the Gj. 

Now let £ = {ci \ i & 1} he a partition of unity of A, i.e. a decomposition l/i = U Cj for objects 
which are idempotent via the diagonal morphism: ~ Ci x e^. Define ToRS£{K, A) to be the 
category of 2-ring morphisms (proposition 3.2.5) a : ^Set — )• A which send ^ Ki to Ai = CiA = 
the subcategory of A consisting of objects of the form x a. Similarly, let TORS£:(G, vl; V') be 
the subcategory of TORS(G, A; -0) consisting of those objects whose underlying 2-ring morphism 
'^Set A lands '^Gi in Ai. 

It now remains to observe that (a) the categories TORS(-fC, ^) and TORS(G, yl; -0) break up 
as the possibly large coproducts (i.e. disjoint unions) 

ToRS(iv:, ^) = ]J TORS£:(K, A), TORS(G, A; y?, ^/;) = ]J TORSf (G, A] ip, -0) 
£ £ 

(for a : -^Set — )• A, for example, let be the colimit of the X°P-diagram Kf^)), (b) the Ai are 
good cartesian 2-rings in their own right with units Cj, and (c) the functor T from the statement 
of proposition 4.2.10 breaks up as a coproduct of the corresponding functors 

Ts : TORS(i^i,^i) ^ TORS£(Gi,yli;(/j,V'), 

(with K^) being a i^^j-torsor in Ai for any a € TORS(-fir, A), and so on). All of these remarks 
are more or less routine. ■ 

In view of this result, for the remainder of this section up to the statement of proposition 4.2.15 
we will assume that G is a group. 

Now recall from lemma 2.4.4 that, denoting by x the underlying object of a G-torsor x, we have 
an isomorphism Tx '. x Kl G — > X Kl X in A^ (Go is a singleton now, so we no longer need to worry 
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about KIgq, etc.). If we have a map q : x M^p H ^ x Kl^ H, we can apply the functor xKl : — )• 
to get the left hand vertical arrow in 



xmxM^H 



xMxM.^H 



xMGM^H 



X Mg M^H, 



(8) 



where the other vertical arrow is chosen so as to make the diagram commutative. In the sequel, 
we will abuse notation and write this vertical arrow as xMq : x Kl^, H ^ x H, where the latter 
are just x M {ipH) and x M (tpH), and are isomorphic to the upper and lower right corners of the 
square, respectively. 

Proof of proposition 4.2.10 We actually a pseudo-inverse S : TORS{G, A; ip,il>) TORS(i^, ^) 
in several stages, using the notations from example 4.1.10 throughout the proof. 

Definition of S We only describe the underlying object function of S, since the behavior of S 
on arrows and the functoriality will then be clear. Let x be a right G-torsor in A, and q : x 
H ^ X H an isomorphism of right ff-torsors. As in the discussion above, apply the functor 
xKl : A^ — > A^ to get an isomorphism xMq : x Kl^ H ^ x Kl^ H in A^ . 

We have to describe a X-torsor y = S{x) in A, so in particular a functor y : — > A. For 
h S Kq (i.e. h : ^p{*) V'C*) is an arrow in H for Go = {*}; see example 4.1.10), y{h) is defined 
by the following pullback diagram in A: 



y{h) > x(*) 

x{*) ■ {id^(*)} 

(9) 

x(*) • H{ip{*),ip{*)) 
xMq 

x{*) ■ {h} > x{*) ■ H{'ilj{*),ip{*)) 

The arrow labelled xMq in this diagram isn't, strictly speaking, the xMq we had before, but rather 
its restriction above </?(*) € Hq. 

If we want the y{h) to make up the object function part of a functor /C°p — >■ A, we have to 
describe how an arrow g £ G induces a map from y{h) to y{ip{g~^)hip{g)) (see example 4.1.10 for 
a description of the groupoid K). This is somewhat notationally cumbersome, but straightforward 
enough. One simply has to notice that xM q : x^ x H ^ x M x M^p H commutes with the left 
G-action on x, and then run through the identifications made in diagram (8). We leave the details 
to the reader. 

Now notice that the canonical maps y{h) — > x(*) (the horizontal maps in (9)) actually identify 
x(*) with the coproduct ^y(/i) (with h running through the arrows (/?(*) V'C*) i^i H). This 

h 

follows from the condition that coproducts are stable (definition 4.2.5): as h runs through the set 
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indicated above, the bottom horizontal maps in (9) are the structure maps of a coproduct, and 
they are pulled back through the right-hand vertical map. One can thus think of this construction 
of a right JC-representation in ^ as a "breaking up" of x{*) into pieces y{h), and the right G-action 
sketched in the previous paragraph is just the right action of G on x, restricted to these individual 
pieces. Rigorously, what we mean is that for an arrow g G G, when identifying with JJ 

h 

we have an equality of arrows: 

h h 

The coproducts run through the arrows h : (p{*) — >■ H. 

This view of y as a decomposition of x into pieces which are permuted by the maps g (z G makes 
it clear why one of the two requirements for being a torsor if satisfied (definition 3.2.1), namely 
the one asking that the colimit of the functor y : K°p A he the monoidal unit 1a- Indeed, 
the colimits of x and y are supposed to represent the functors CocONES(i;, — ) and CocONES(y, — ) 
from A to Set, respectively. Since = giving an arrow out of x{*) is the same as giving 

h 

one arrow out of each y{h). Finally, by the identifications in (10), giving an arrow x(*) a A 
commuting with the G-action (i.e. a cocone x ^ a) is the same as giving arrows out of the 
y{h) commuting with the right G-action on y. In other words, we have a natural isomorphism 
CocONES(x,— ) = CocONES(y, — ). Since the former is represented by limx = 1a (because x is a 
G-torsor), so must the latter. 

The final task in the construction of y is checking that Ty : y K ^ y Kl^^ y is an isomorphism 
in ^oj\^K (where ttq = 7ro{K); cf. §2.4). Because K is a groupoid, this is equivalent to proving that 
Ty is an isomorphism when regarded as a map in ^oj\^Ko_ Now fix h, h' € Kq. We have components 
Ty''^ : ]Jy(/i) — )■ y{h) x y{h') of Ty :, where the coproduct is indexed by the set of arrows g ^ G 
making the diagram 

ip{*) — ^ — > V'(*) 



via) 



H9) 



h' 

"Pi*) ' ^(*) 

commutative, and we need to prove that t^'^ is an isomorphism whenever (/i, h') € ttq. Now, upon 
identifying x(*) with ]J y{h) as discussed above, the coproduct 

Wt^^^' : x{*) ■ G ^ x{*) xx(*) 

h,h' 

is nothing but t^- Since this is an isomorphism (because x is a torsor), the conclusion follows from 
lemma 4.2.13 below. ■ 

4.2.12 Remark Note that xMq : xMx H xMx H is a map over x, in the sense that for 
all s £ Hq, the triangle 

x{*) X {x H){s) — ^^^^ x{*) X {x H){s) 



x{*) 
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commutes. After identifying xMx M^, H 



H (and analogously for ip), this implies that (9) is 



actually a diagram in the comma category A J, Therefore the two maps out of y{h) actually 

coincide (modulo the identification x{*) ■ {h} = x{*)). ♦ 

4.2.13 Lemma Let A be a good cartesian 2-ring, and fi : Oi ^ bi, i I maps in A. Let f : a ^ b 

be the coproduct of all the fi 's. If f is an isomorphism then so are the fi 's. 

Proof Fix i I, and consider the commutative diagram 



b. 



(11) 



Since the bottom arrow is an isomorphism, it is enough to prove that this is a pullback square. So 
let c € A be an object, and let 

/' 




commute. Then, by coproduct stability, we have c = c Oj = JJ^ c a^. For j / i, we have a 

I I 

map f Xbfj ■ cXbaj — > bi x^bj = Oa (by the property that coproducts are disjoint), so cXf,aj = Oa 
(simple exercise: if an object in a good cartesian 2-ring admits a map into the initial object, then 
it is initial). But this means that c = c ai = cXaCn, so the map c — )• a factors through Oj, as in 
the left hand triangle below: 

/' 




The map c — )• aj is unique because Oj 
because 6j — >■ 6 is similarly mono. 



a is a monomorphism, and the upper triangle commutes 



4.2.14 Remark Below we will make use of the observation that in fact, (11) is a pullback even 
without the assumption that / is an isomorphism. The argument given above can easily be adapted 
to prove this strengthened version of the lemma. ♦ 
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TS = id We keep the notations we've been using: £ is a right G-torsor in A, q : xM^H —?■ xM,^H 
is an isomorphism of right //-torsors, and y = S(x). Recall that the underlying G-torsor of T(y) is 
simply y Kl^ G. We have, by definition, 

fheKo 

(y^^G)(*) = J y{h)-G. 

This is nothing but the coproduct of all y{h) for arrows h : (^(*) — >■ in H, which, as seen above 
in the construction of S, can be identified with Furthermore, in that identification, the right 

action of 5 G G on x{*) is the coproduct of its actions on the "summands" y{h). We can thus 
identify yM^G with x as right G-torsors. 

Now recall the isomorphism pjj : y Kl^o^ H ^ y M^p^tp H. We have to prove that if the vertical 
arrows are the identifications 

y K^o^ H^{yM^G)^^H^xM^H 
(and similarly with instead of (p) coming from yM^G = x, then 

Py 



y K^o? H - 

= i 

xM^H — 

commutes. Since all maps are in , it is sufficient to fix an object h G Kq, and prove the 
commutativity of the outer square in 



y ^vo? H 



y{h) ■ {id^(,)} 



m ■ {h} 



Py 



{y K^o€ H)iipi*)) > {y K^o^ H){ip{*)) 



{xM^H){cp{*)) 



The top arrow is just the identity on y{h). After eliminating it, the outer square becomes the 
boundary of the diagram 

m 



x{*) ■ {id^(^)} 



x{*)-{h} 



{x H){^{*)) -^-^ (x H){ip{*)) 
Here, the vertical map {x Kl^ H){(p{*)) (x Kl^ H){(p{*)) is the obvious one, 

x{*) ■ H{ip{*), (/;(*)) — y / f (*) ■ H{<p{*),ip{*)), 



(12) 
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and similarly for ^p■, the diagonal maps are both the usual map y{h) — > x{*), once we've identified 
the copower of x{t) by a singleton with x{t). The bottom square in (12) is clearly commutative, 
while the top pentagon is essentially (9) (see remark 4.2.12). It follows that (12) is commutative, 
and we are done. 

This argument shows that one can identify T{y) G TORS{G, A; ip,tp) with x together with the 
isomorphism q : x H ^ x Kl^ H we started out with. Finally, checking the functoriality of this 
identification is a simple diagram chase. ■ 

ST = id Let y be a right i^-torsor in A, and x = yM^G the underlying right G-torsor of T{y). As 
in the previous proof, we then have x(*) = y{h), where h ranges through the arrows (/?(*) ^{*) 

h 

in h. Furthermore, the right action of 5 € G on x{*) is just the coproduct of the right actions of 
the same g on the summands y{h) of x{*). 

It is now almost tautological that y{h) fits in a diagram (9), with q = Py : yM^o^ H y Kl^o^ H. 
But by remark 4.2.14, this means that y{h) is uniquely determined by {x,q) € TORS(G, ^; -0)- 
Now let g G, regarded also as an arrow /i — > /i' in K. Since the right action of g on y{h) fits in 
the square 

y{h) y{h') 



and the maps y{h) — )• x(*) are mono, the right action of g on y{h) is also uniquely determined by 
the object (x,g) G TORS(G, A; 99, V'). 

In summary, for every right if-torsor y in A, we have an isomorphism y = ST{y). ■ 

We have now proven proposition 4.2.9. Together with proposition 4.2.1 and the observation 
that Gpdj Gpd preserves finite limits, it implies (cf. definition 4.1.5): 

4.2.15 Proposition The functor 2Spec(°SET) : Gpd — )• Good2AfSch and its restriction to 
Gpd f are finitely continuous. ■ 

Finally, this allows us to prove the main result of the paper: 

4.2.16 Theorem If A is a good 2-ring, the 2-functors ■Ki{A) : Gpd Gpd andirl : GpDj Gpd 
are pro-representable. 

Proof We noticed above in (5) that tti{A) is nothing but Hom2AFScH(2Spec(^), — ) composed with 
2Spec('^SET). Since the former is clearly finitely continuous while the latter is finitely continuous by 
proposition 4.2.15, the conclusion follows from proposition 4.1.6. The analogous argument applies 
to 7r(. ■ 



5 Examples and connections with prior definitions of tti 

In this section, we compute vri(^) and/or 7rl{A) for some commutative 2-rings A, and show that 
the construction agrees (in the appropriate sense) with some other definitions of vri which have 
appeared in the literature. As the results are by nature somewhat eclectic, our references to this 
literature will be rather extensive. 

We begin with the following useful observation: 
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5.0.1 Proposition Let H he a small groupoid. Then 7ri(-'^SET) is equivalent to H. More generally, 
let C be a small category. Then 7ri(^SET) is the universal enveloping groupoid ofC, i.e. it is the 
result of applying to C the left adjoint of the functor Forget : Gpd — t- Cat. 

Proof Let C be a small category and G a small groupoid. Then a morphism ^Set — )• '^Set of 
commutative 2-rings is, by proposition 3.2.5, precisely a G-torsor in '^Set. But this is nothing 
more nor less than a functor from C to the category of G-torsors in Set. We have shown in 
theorem 3.2.14 and proposition 3.4.2 that the category of G-torsors in any commutative 2-ring 
is a small groupoid; in this case, it is well known that TORS(G, Set) is equivalent to G. Thus 
HomcoM2RiNG('^SET — >■ '^Set) = HomcAT(G, G). Letting G range over small groupoids, the functor 
HomcAT(G, — ) is by definition represented by the universal enveloping groupoid of G ■ 

5.0.2 Corollary The functor 2Spec('^SET) is a fully faithful embedding Gpd ^ Af2Sch. 

5.0.3 Remark One can equivalently study torsors in terms of right-principal bibundles, and these 
results follow from [BI0O8] after dropping all references to a differentiable structure. ♦ 

5.0.4 Remark The proof of proposition 5.0.1 depends on the fact that G is a groupoid. In §6.2 
we will discuss what happens when G is allowed to range over categories. Things will immediately 
fail: we will show that there are generically more 2-ring morphisms '^Set "-"Set than functors 
C ^ G when G is not a groupoid. Nevertheless, 2Spec(°SET) : Cat — )■ Af2Sch is faithful on 
1-morphism and fully faithful on 2- morphisms. ♦ 

5.1 Galois theory for rings and fields 

We next turn to commutative 2-rings of the form MOD^ for R a commutative ring. We will 
be interested mostly in the profinite 7r{(i?) = 7r{(MOD^), as this is the construction that has a 
counterpart in the literature to which we can compare our version. The Galois theory of arbitrary 
commutative rings was first described in [Mag74]; see also [BJOl] for a modern treatment. 

Recall that to any commutative ring i?, one can associate a profinite (i.e. compact, Hausdorff, 
totally disconnected) topological space PSpec(i2), called its Pierce spectrum (see [Mag74, Definition 
ILl], where it is called the Boolean spectrum, or [BJOl, Definition 4.2.4]): PSpec(-R) is the set of 
connected components of the Zariski spectrum spec(-R) of i?, endowed with the final topology via 
the map spec(i?) — > PSpec(i?). PSpec is a functor from the category AfSch of (l-)affine schemes 
to the category PfTop of profinite topological spaces. 

Magid [Mag74, Definition IV. 16 and Theorem IV. 20] associates to any commutative ring R a 
separable closure S, which is an iZ-algebra uniquely determined up to isomorphism of -R-algebras. 
Consider the kernel pair groupoid S S ^ S in AfSch; by [Mag74, Corollary IV. 28], it maps 
under PSpec to a groupoid n(i?) in PfTop, which Magid calls the fundamental groupoid of R. 
Our result is that vr{(i?) = n(i?), in the following sense: 

5.1.1 Theorem Let R be a commutative ring. Regard the 2-category Gpdj as a sub-2-category 
o/Gpd(PfTop) (the latter with topological functors and topological natural transformations as 1- 
and 2-morphisms respectively). Then the 2-functor Gpdj — t- Gpd represented by U = Il{R) G 
Gpd(PfTop) is equivalent to 7r{(MOD-^). 

We will need some preliminary results: 

5.1.2 Lemma Let R be a commutative ring, G a finite groupoid, and x a right G-torsor in 
MOD'^. For every s G Go, x{s) is projective finitely generated over R. Moreover, the duals 
x{s)* = iiomji{x{s), R) are separable algebras over R. 
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Sketch of proof By lemma 2.3.12 and proposition 3.2.5 (and their proofs), x is the image through 
a monoidal functor "^MOD-^ A = MOD^ of the object G-R £ '^A'^ defined by setting {G-R){t, s) 
(s, t € Go) to be the free i?-module on the set G{t, s). Since G is finite, G • i? is a duahzable object 
in '^A'^, and so x E A'^ must also be dualizable (and hence so must all the x{s) £ A for s € Gq). 
The first statement now follows from the well-known fact that the dualizable objects of MOD'^ are 
exactly the projective finitely generated modules. 

The second statement when G is a group is essentially [Nus06, Corollary 2.4] applied to the 
algebra map i? — >• x; the extension of the argument to arbitrary finite groupoids is simple enough 
conceptually, but notationally cumbersome, and so we leave it to the reader. ■ 

Now consider the cartesian monoidal category B = AfSch^ of affine i?-schemes. Let G be a 
finite groupoid, and x a right G-torsor in B (definition 3.2.1 applies verbatim to any symmetric 
monoidal category). It can be shown that the commutative i?-algebras x{s), s G Go are projective 
finitely generated: when G is a group, this is for example a consequence of [KT81, Theorem 1.7 
(1)], and the general case follows by regarding a finite groupoid as a finite disjoint union of finite 
groups. 

Since the dualization functor Hom/j(— ,i?) implements an equivalence between the projective 
finitely generated commutative i?- algebras and projective finitely generated cocommutative R- 
coalgebras, this argument, together with the first statement in lemma 5.1.2 and the identification 

TORS(G, COG(MOD-^)) ~ TORS(G, MOD^) ~ tt({R){G) 

(cf. proposition 3.2.5 and corollary 3.3.6), proves: 

5.1.3 Lemma With the notations used above, the functor I{omji{— , R) implements an equivalence 
TORS(G, Alg^) ~ Tr({R){G). Moreover, this equivalence is natural in G £ Gpdj. ■ 

We now recall some more terminology, enough to be able to phrase the proof. We refer the 
reader to [BJOl] for the missing details. For a ring homomorphism f : R ^ S, Borceux and 
Janelidze introduce the notion of i?-algebra split by / ([BJOl, Definition 4.5.1]). It will not be 
important for us to know precisely what this means; we only need to know that when f : R S 
is the separable closure of R, the separable projective finitely generated i?-algebras are certainly 
split by / (this follows from [BJOl, A.l, remark on page 309]). We write Splitjj for the category 
of i2-algebras split by the separable closure R ^ S, and refer to the objects of Split/j as split 
R-algebras. 

Combining (the proof of) [BJOl, Theorem 4.7.15] with the fact that the separable closure 
i? ^ is of Galois descent in the sense of [BJOl, Definition 4.5.2] (noted in passing right after that 
definition), we have: 

5.1.4 Proposition (Borceux, Janelidze, Magid) Let R be a commutative ring, andU = n(i?) 
its profinite fundamental groupoid in Magid's sense. Let '^PfTop be the category of topological rep- 
resentations o/n in PfTop. The Pierce spectrum functor implements an equivalence 

Split^p ~ "PfTop. ■ 

We are now ready to prove our result. 

Proof of theorem 5.1.1 By lemmas 5.1.2 and 5.1.3 and the observation made above that sepa- 
rable projective finitely generated -R-algebras are split, we have an equivalence 

7r((i?)(G) ~ Tors(G,Split^P). 
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Composing further with the equivalence 

ToRS(G, Split^P) ~ Tors(G,"PfTop) 

obtained from proposition 5.1.4, we get 

tt({R){G) ~ Tors(G,"PfTop). 

Now notice, just as in the proof of corollary 5.0.2, that the objects of TORS(G, ^PfTop) are 
the right-principal H-G bibundles in PfTop. By the appropriate analogue of [BI0O8, Proposition 
3.7], we will be able to conclude that TORS(G, '^PfTop) ~ HomQpn(ppTop)(n, G) if for every such 
bibundle X, the map X ^ Uq admits a section. But the map X — )• XIq is surjective by one of the 
torsor conditions, and by [Mag74, Theorem IV. 16 i)]. Ho is an extremely disconnected compact 
Hausdorff space ([Mag74, Definition 1.15]), and hence [Mag74, Theorem 1.19] surjections onto it in 
PfTop split. ■ 

Now let us specialize to the case when R is a field k. First, it is not hard to show that 
Magid's n(A:) is just the usual absolute Galois group Gal(/c) (by applying [BJOl, Corollary 4.7.16] 
to a separable closure k ^ kg of A;, for example). In particular, vr{(A;) = Gal(A;) in the sense of 
theorem 5.1.1. But in the field case, we can drop all finiteness conditions. This result is probably 
well known, but we have not found a direct reference: 

5.1.5 Proposition Let k be a field. Then, TTi{k) = 7ri(VECT'^) is represented by Gal(A;). 

Proof Let G be a small groupoid. Because A; is a connected ring (i.e. it has no non-trivial idem- 
potents), a right G-torsor in Vect'^ is actually a right Gj-torsor for some connected component Gi 
of G. Similarly, Hom(Gal(/c), — ) commutes with disjoint unions of groupoids because Gal(A;) has 
one object. So it suffices to focus on G-torsors over k for groups G. In this case, a right G-torsor 
in Vect*^ is nothing more than a cocommutative right G-module coalgebra G, satisfying the con- 
ditions that (a) the map G k[G] G ® C defined hy c® g ^ C(i) ® '^{2)9 is an isomorphism, 
and (b) the counit e : G ^ k is the quotient of G by G (cf. definition 3.2.1). Using (a), one sees 
easily that G is trivial (i.e. isomorphic to k[G] as right G-module coalgebra) if and only if it has a 
grouplike element. 

For a finite Galois extension k C K, let TORS{G, k\K) be the category of right G-torsors over 
k which become trivial after extending scalars to K, with the usual torsor maps as morphisms. Let 
Triv{G, K/k) be the category whose objects are left Gal(ivr/A;)-module structures on K[G] making 
both the counit K[G] — )• K and the comultiplication K[G] — > K[G]'®k K[G] Gal(K/A:)-equivariant, 
and commuting with the right G-action, and whose morphisms are the Gal(i^/A;)-equivariant torsor 
maps K[G] K[G]. By Galois descent, tensoring with K gives an equivalence: 

ToRS(G, k\K) ~ Triv(G, K/k). (13) 

Since cocommutative coalgebras over separably closed fields always have grouplike elements, 
it follows that extending scalars from k to its separable closure kg makes any G-torsor G trivial. 
But a grouplike G kg lives in some G ® K for A; C as above, and hence we have a filtered 
union ToRS(G, k) = [j^ TORS(G, k\K) of categories. Combining this with (13) and with the fact 
that filtered unions of categories are equivalent to the (2-)colimits of the corresponding diagrams 
in CAT (proposition 4.1.13), we get: 

ToRS(G, k) ~ lim Triv(G, K/k). (14) 

~K 
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Now notice that the subset G C K[G\ is invariant under the action of Gs\{K/k) on K[G\ as 
in the definition of Triv(G, -fC/A;) (as G is precisely the set of grouplikes in i^[(jr]), and sending 
an object of Triv(G, -fC/A;) to G with the corresponding left Gal(K/A;)-action and its usual right 
G-action implements an equivalence between Triv(G, ii'/A;) and the category of right principal 
Gal{K/k)-G bibundles. But by an argument analogous to the one used in the proof of theorem 5.1.1 
(and based on [BI0O8, Proposition 3.7]), the latter is equivalent to Hom(Gal(-ftr/A;), G) (topological 
homomorphisms and natural transformations). Plugging this into (14) gives: 

TORS(G,A:) ~ limHom(Gal(i^/A;),G) ~ Hom(Gal(A;), G). 

The first equivalence is what we've just shown, while the second one follows from proposition 4.1.13 
again. ■ 

5.1.6 Remark We do not know if proposition 5.1.5 holds for arbitrary commutative rings. ♦ 
5.2 The etale fundamental pro-group of a connected site 

Our final comparison is to the etale fundamental pro-group vrf* of a connected site in the sense 
of [AM86]. Not surprisingly, that notion and ours agree in the appropriate sense. The details 
will again be rather sketchy. We recall only that the authors of [AM86] introduce, for any locally 
connected site C, a pro-object in the homotopy category of simplicial sets. When the site is 
connected and pointed, the homotopy group functors 7r„ yield, when applied to this construction, 
the etale homotopy pro-groups vr°*(C) (cf. [AM86, §9]). 

The pro-object vr^* of the (l-)category Gp of groups has a property very similar to the one we 
are after (cf. [AM86, Corollary 10.7], and also [Fri82, Proposition 5.6]): 

5.2.1 Proposition Let C he a pointed connected site, and Sheaves(C') the topes of sheaves on C. 
For any group G we have a bijection of sets: 

{isomorphism classes in TORS(G, Sheaves(C))} = HompRo-Gp(vrf (G), G)/G, (15) 

where we are quotienting by the conjugation action of G. ■ 

5.2.2 Remark There seems to be an error in the statement of [AM86, Corollary 10.7], where the 
quotienting by G is omitted. Friedlander, on the other hand, states the result in terms of pointed 
torsors, so there is no need for quotienting in [Fri82, Proposition 5.6]. We thank the referee for 
pointing all of this out. ♦ 

Note that the right hand side of (15) is just the colimit ttq ^lim HomGpD(Gj, G)^ in Set, 

where Gj are the groups appearing in a diagram representing 7r|*(G) G Pro-Gp (here regarded as 
groupoids). One can now refine the proof of this result. First, one can replace the bijection of sets 
by an equivalence 

ToRS(G, Sheaves(G)) ~ W HomcPD (Gi,G) (16) 

of categories. Here, the right hand side is the strict colimit of categories, as in proposition 4.1.13 
and the discussion preceding it. One can then use the connectedness of G (this is simply the 
condition that the final object of Sheaves(G) cannot be written as a non-trivial binary coproduct; 
cf. [AM86, §9]) to extend the result from groups G to arbitrary groupoids, simply by noting that 
both sides in (16) distribute over disjoint unions of groups. Finally, applying proposition 4.1.13 to 
replace lim' by lira , we find: 

5.2.3 Proposition For any connected site G, 7ri(SHEAVES(G)) and the etale fundamental pro- 
group vrf*(G) of [AM86] are represented by the same left-filtered diagram in Gpd. ■ 
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6 Generalizations and directions for further research 



In this paper we have proposed a categorification of affine algebraic geometry; our categorification 
is rich enough to allow for an "affine" language for arbitrary locales, schemes, etc. For every affine 
2-scheme X, we defined a functor tti{X) : Gpd — ?> Gpd which controls the torsors over X; we also 
gave conditions (satisfied in all examples) for this functor to be pro-representable, and we declared 
the representing pro-object the fundamental pro-groupoid of X. In this final section, we will briefly 
outline three possible generalizations to be pursued in future work: first, one can try to enrich 
7ri(X) to a pro-groupoid in a category richer than Set; second, one can try to control "torsors" for 
non-groupoids; and third, one can try to apply our machinery towards even higher categorifications. 

6.1 Fundamental pro- ADJECTIVE groupoids 

Given an affine 2-scheme X, we defined iti{X) as the representing object of G i-^ HomAF2ScH(-'^, G), 
where G ranges over groupoids in Set, and where we think of it as an affine 2-scheme via 
G = 2Spec('^SET), c.f. corollary 5.0.2. This approach is justified because, for G a groupoid 
in Set and X an arbitrary affine 2-scheme, we showed in theorem 3.2.14 and proposition 3.4.2 
that IIomAF2ScH(-'^5 G) is an essentially small groupoid, and so it stands a chance of being a 
groupoid of the form HompRoGPD(vri(X), G); we also gave a "geometric" description of the objects 
in HomAF2ScH(-'^5 G) as "G-torsors over X" (proposition 3.2.5). But in (l-)algebraic geometry, we 
have good notions of "torsor" for groupoids in categories richer than Set. To what extent can we 
extend that theory here? Is there an enriched vri? 

6.1.1 Example Two well-known sources of symmetric monoidal categories are commutative Hopf 
algebras (take the category of comodules) and cocommutative Hopf algebras (category of mod- 
ules). Commutative Hopf algebras are precisely (1-) affine algebraic groups. Cocommutative Hopf 
algebras deserve to be called 1-affine coalgebraic groups: a cocommutative Hopf algebra H over a 
commutative ring R is precisely a group object in Cog(Mod^). 

If one includes infinite-dimensional representations, then, working over any commutative ring R, 
these categories are examples of commutative 2-rings, and indeed commutative MoD^-2-algebras. 
The classical Tannakian theory of [DMOS82, Del90] says that one can recover an affine algebraic 
group spec{H), where if is a commutative Hopf algebra over R, from the groupoids of commutative 
MOD^-2-algebra homomorphisms ^COMOD^ — )• MOD'^, as S ranges over i?-algebras. Similar 
results hold for more general (co)algebraic groupoids. ♦ 

There are myriad variations on the following question. For definiteness, we focus on algebraic 
groupoids, and ask: 

6.1.2 Example Fix a commutative (l-)ring R, or even a field. Let ^ be a commutative MOD^-2- 
algebra. Let G range over, say, groupoid objects in the category of schemes over specR, and write 
QCoh(G) for the commutative MOD^-2-algebra of quasicoherent sheaves (of i?-modules) on the 
corresponding stack. Is the functor 

G ^ HomMo^fl_co,„2ALG(QCOH(G),^) 

represented by a pro-object in the category of groupoids over speci?? 

Of course, by remark 2.3.10 one would expect that when A is itself QCOH(a geometric stack 
over R), then 7ri{A) does exist and is precisely this stack. ♦ 
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We do not know how to answer the question in example 6.1.2. The main problem is that in the 
i?-linear setting, we do not know of any simplification akin to the passage A Cog{A) that we 
introduced in §3.3; this simplification was one of our main tools for the results in Section 4. 

If a commutative 2-ring A is not a 2-algebra for MOD^, then one should not expect it to have a 
"vTi enriched in groupoids over R." Nevertheless, there may be classes of affine 2-schemes that are 
broader than Gpd for which any good affine 2-scheme has a "vri enriched in this class." A reasonable 
minimal condition on such classes is that for any test object G, the functor HomAF2ScH(— , G) should 
be valued in essentially-small groupoids (by definition, it is valued in large categories); as we will il- 
lustrate in §6.2, relaxing this condition pretty much destroys the possibility of (pro-)representability 
of TTi-style functors. We include one example, which we will revisit in §6.3, to illustrate that there 
are very natural and important affine 2-schemes G which are not groupoids in Set but for which 
HomAF2ScH(— ) is well-behaved as a functor Af2Sch Gpd: 

6.1.3 Example In example 2.3.6 we defined a commutative 2-ring Set[X] whose underlying pre- 
sentable category is the category of sheaves on a countable discrete set, by equipping the countable 
discrete set with the monoid structure N and its category of sheaves with the convolution product. 
If we instead equip the countable discrete set with the group structure Z, the same construction 
builds a commutative 2-ring Set[X, 

Let ^ be a commutative 2-ring. Then a morphism 2Spec(A) — >■ 2Spec(SET[X, X^^]) of affine 
2-schemes is precisely an invertible object in (A,^). Moreover, a morphism in the category 
HomAF2ScH(2Spec(A), 2Spec(SET[X, is an isomorphism of invertible j4-objects. Along with 

the presentability of A, it follows that HomAF2ScH(— , 2Spec(SET[X, takes values in Gpd. ♦ 

6.1.4 Example A theory of enriched fundamental groupoids does exist in the homotopy theory of 
topoi. The philosophy of topoi is that they are well enough behaved to repeat most constructions 
(like our move to coalgebras) that work over Set. So it is not too surprising that if a topos T lives 
over a topos S, then T has a homotopy type valued in S. ♦ 

6.2 Non-groupoids 

Let C be a small category. Then '^Set = Functors(C, Set) is a commutative 2-ring satisfying 
'^Set M a = '-"A for each commutative 2-ring A. One could ask to understand the category 
HomcoM2RiNG('^SET, A) in terms of A,C. The hope is that in this way one could define for each 
commutative 2-ring A a "fundamental (pro-) category" that controls HomcoM2RiNG('^SET, ^), which 
would be more sensitive than the groupoid- valued vri(— ) defined in this paper. We will argue 
in this section that this hope is impossible, but we do not know an elementary description of 
HomcoM2RiNG('^SET, A) for any examples — even the functor HomcoM2RiNG('^SET, Set) ranging 
over small categories is complicated (it is the identity when applied to small groupoids). 

6.2.1 Definition The walking idempotent is the category M with one object • and a non-identity 
morphism m : • — )• • satisfying m? = m. The walking projection is its idempotent splitting: it is 
the category P with two objects ",0, generated by the morphisms p : • — )• o and i : o — )• •, with 
the relation ido = {o A • A o}. 4 

The reader is invited to calculate: 

6.2.2 Lemma Let M denote the walking idempotent and P the walking projection. There is an 
equivalence of categories P = Hom(^^SET, Set); the canonical injection M ^ Hom(*^SET, Set) 

sends m i->- {• A o A •}. 
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Let f : M ^ P denote this map. For any commutative 2-ring A, the morphism f* : ^ A — > ^ A 
is an equivalence of commutative A-2-algehras. ■ 



Thus the 2-category Cat of small categories does not naturally embed into Af2Sch, in marked 
contrast with corollary 5.0.2. 

Given theorem 4.2.16, one might still hope that there be a small (pro-)category 7ri(SET) with 
HomcoM2RiNGC^SET, Set) = HomcAT(7ri(SET), C) for each small category C. Our next result shows 
that this is impossible: 

6.2.3 Proposition Let M,P denote respectively the walking idempotent and walking projection. 
There does not exist a pro-category X with HompRoCAT (-^j ) = P- 

Sketch of proof We prove that X cannot be a small category; we leave the "pro" case to the 
reader. 

Let X be a small category. Then there is a map HomcAT (-^j M which sends all non- 
isomorphisms in HomcAxC^j M) to m £ M. This map is a surjection on morphisms if X 7^ 0. But 
P does not surject onto M. ■ 

This illustrates that a "category-valued Galois theory" is necessarily very different from the 
group old- valued theory that has been developed. Even accepting that TORS(— ,A) is not 
(pro-)representable, one can still ask to understand this functor in a more hands-on way. For any 
category C and any commutative 2-ring A, the category HomcoM2RiNG(*^SET, A) has all idempotents 
split, but our next example shows that the functor 7ri(A){—) does more than split idempotents: 

6.2.4 Example Let N denote the category with one object, freely generated by a morphism. 
The category HomcoM2RiNG(^SET, Set) has an object outside of the essential image of N ^ 
HomcoM2RiNG(^SET, Set) with endomorphism monoid Z. ♦ 

Our intuition says that the objects in HomcoM2RiNGC^SET, Set) correspond to "partial group- 
oidizations of C" Studying the functor HomcoM2RiNG(°SET, Set) = TORS(-, Set) : Cat — > Cat 
in more detail, and in particular making this intuition precise, will be the topic of future work. 

6.3 Higher afHne schemes 

In this final subsection we outline very briefly (and conjecturally) why we think it would be inter- 
esting to extend the discussion to a higher-categorical setting. 

One reason is that one might want to study "higher Picard-Brauer groups." We described 
in example 6.1.3 the affine 2-scheme 2Spec(SET[X, X~^]). Maps into this 2-scheme classify "line 
bundles" over the source 2-scheme, and hence 2Spec(SET[X, X^^]) represents the "Picard group." 
In fact, 2Spec(SET[X, X~^]) is the first term in what should be an infinite sequences of higher 
stacks. We will now describe the zeroth term. 

Let Z denote the groupoid with one object, freely generated by an invertible morphism. One 
can give Sheaves(Z) a non-cartesian commutative 2-ring structure by choosing = x^; i.e. if 
X,Y e Sheaves(Z), then X (g) Y = {X x Y)/{{zx,y) = {x,zy) \fx e X,y e Y,z e Z). Then 
2Spec(SHEAVES(Z), (g) = Xz) corresponds in algebraic geometry to the affine group scheme GL(1). 
Indeed: if is a commutative ring, then a morphism 2Spec(^MOD) — )■ 2Spec(SHEAVES(Z), (8) = Xz) 
is precisely an invertible element of R. 

Unfortunately, the second term in the desired infinite sequence already does not make sense 
as an affine 2-scheme. Any commutative 2-ring A has a symmetric monoidal 2-category ^-2MOD 
of modules, and the invertible ^-2-modules are the objects of the 2-Picard group of A. When 
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A = Vect*^ for k a field, (the group of equivalence classes of objects in) this "2-Picard group" 
is the Brauer group H2(Gal(A;),GL(l)). (When A = MOD^ for R a ring, the usual definition of 
Brauer group is slightly smaller than the corresponding cohomology group; it is the latter that we 
expect to equal the algebraically-defined 2-Picard group.) 

So GL(1) = Pic'' represents the 0-Picard group, just as Pic^ = 2Spec(SET[X, X^^]) represents 
the 1-Picard group. In general, we expect there should be a notion of "affine n-scheme" in which 
all the higher Picard groups Pic" are represent able. Moreover, we expect that the group of equiva- 
lence classes of objects in Horn (X, Pic") is precisely H"(X, GL(1)) (for some appropriate notion of 
cohomology) . 

Another reason to be interested in higher affine schemes is the desire to define higher 7r„s in 
the Tannakian framework. In algebraic geometry, there exists an etale homotopy theory much 
more general than just fundamental groups [Mil80, AM86]. From a Tannakian perspective, higher 
homotopy types should control the representation theory of higher-categorical groupoids. Making 
this precise would be valuable but difficult. 

The problem with trying to define higher homotopy types by considering Tannaka-Krein cat- 
egories as in definition 1.1.4 quickly becomes apparent: while a groupoid is naturally represented 
in a 1-category like Vect, to represent an n-groupoid requires allowing the representations to take 
values in an n-category. 

Following the translation R i-t- Mod^, candidate examples of 3-abelian groups are already 
available: any commutative 2-ring A should have a 3-abelian group (and in fact a commutative 
3-ring) of modules A-2MOD; we implicitly invoked this in the almost-definition of Pic^ above. It 
is thus tempting to try to define precisely what should be a "presentable n-category," and to show 
that the representation theory of a commutative n-ring is an example. 

Unfortunately, working one's way up the categorical ladder quickly becomes intractable: for 
example, a definition of "4-category" similar to the well-known definition of 2-category that we 
have employed throughout this paper spans 51 pages [Tri06]. One would then need to set up a 
theory of presentable categories, sheaves on sketches, etc., similar to what we have used in this 
paper. 

Because of the ground-breaking work by Lurie [LurOTa, LurOTb, Lur09a, Lur09b], Toen and 
Vezzosi [TV04, TV05, TV08, Toe09], and others, higher-categorical representation theory is not 
completely out of reach. But much more work is required to develop a full higher-categorical 
representation theory. Related work in this direction exists in the fusion category literature {fusion 
categories are a particularly finite categorification of rings); c.f. [EO04, ENOlO] and references 
therein. 

References 

[Ada77] Jiff Adamek. Colimits of algebras revisited. Bull. Austral. Math. Soc, 17(3):433-450, 
1977. 

[AHR99] Jiff Adamek, Michel Hebert, and Jiff Rosicky. On essentially algebraic theories and 
their generalizations. Algebra Universalis, 41(3):213-227, 1999. 

[AM86] Michael Artin and Barry Mazur. Etale homotopy, volume 100 of Lecture Notes in 
Mathematics. Springer- Verlag, Berlin, 1986. Reprint of the 1969 original. 

[AR89] Jiff Adamek and Jiff Rosicky. Reflections in locally presentable categories. Arch. Math. 
(Brno), 25(l-2):89-94, 1989. 



46 



[AR94] 

[Ben67] 

[BiclO] 

[BJOl] 

[BI0O8] 

[Bor94a] 

[Bor94b] 

[Bor94c] 

[Brail] 
[BW03] 

[DelDO] 
[DMOS82] 

[ENOlO] 
[EO04] 
[Fri82] 
[Gab62] 



Jiff Adamek and Jiff Rosicky. Locally presentable and accessible categories, volume 
189 of London Mathematical Society Lecture Note Series. Cambridge University Press, 
Cambridge, 1994. 

Jean Benabou. Introduction to bicategories. In Reports of the Midwest Category Sem- 
inar, pages 1-77. Springer, Berlin, 1967. 



Julien Bichon. Hopf-Galois objects 

http://arxiv.org/abs/1006.3014, June 2010. 



and cogroupoids. 



Francis Borceux and George Janelidze. Galois theories, volume 72 of Cambridge Studies 
in Advanced Mathematics. Cambridge University Press, Cambridge, 2001. 

Christian Blohmann. Stacky Lie groups. Int. Math. Res. Not. IMRN, pages Art. ID 
rnn 082, 51, 2008. 

Francis Borceux. Handbook of categorical algebra. 1, volume 50 of Encyclopedia of 
Mathematics and its Applications. Cambridge University Press, Cambridge, 1994. Basic 
category theory. 

Francis Borceux. Handbook of categorical algebra. 2, volume 51 of Encyclopedia of Math- 
ematics and its Applications. Cambridge University Press, Cambridge, 1994. Categories 
and structures. 

Francis Borceux. Handbook of categorical algebra. 3, volume 52 of Encyclopedia of Math- 
ematics and its Applications. Cambridge University Press, Cambridge, 1994. Categories 
of sheaves. 

Martin Brandenburg. Note on Tannaka theorem for stacks. Personal correspondence, 
2011. 

Tomasz Brzezinski and Robert Wisbauer. Corings and comodules, volume 309 of London 
Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 
2003. 

Pierre Deligne. Categories tannakiennes. In The Grothendieck Festschrift, Vol. //, 
volume 87 of Progr. Math., pages 111-195. Birkhauser Boston, Boston, MA, 1990. 

Pierre Deligne, James S. Milne, Arthur Ogus, and Kuang-yen Shih. Hodge cycles, 
motives, and Shimura varieties, volume 900 of Lecture Notes in Mathematics. Springer- 
Verlag, Berhn, 1982. 

Pavel Etingof, Dmitri Nikshych, and Victor Ostrik. Fusion categories and homotopy 
theory. Quantum TopoL, l(3):209-273, 2010. With an appendix by Ehud Meir. 

Pavel Etingof and Viktor Ostrik. Module categories over representations of SLg(2) and 
graphs. Math. Res. Lett, 11(1):103-114, 2004. 

Eric M. Friedlander. Etale homotopy of simplicial schemes, volume 104 of Annals of 
Mathematics Studies. Princeton University Press, Princeton, N.J., 1982. 

Pierre Gabriel. Des categories abeliennes. Bull. Soc. Math. France, 90:323-448, 1962. 



47 



[GU71] Peter Gabriel and Friedrich Ulmer. Lokal prdsentierbare Kategorien. Lecture Notes in 
Mathematics, Vol. 221. Springer- Verlag, Berlin, 1971. 

[JS91] Andre Joyal and Ross Street. An introduction to Tannaka duality and quantum groups. 

In Category theory (Como, 1990), volume 1488 of Lecture Notes in Math., pages 413- 
492. Springer, Berlin, 1991. 

[Kel82] Gregory Maxwell Kelly. Basic concepts of enriched category theory, volume 64 of London 
Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 
1982. 

[Kel86] Gregory Maxwell Kelly. A survey of totality for enriched and ordinary categories. 
Cahiers Topologie Geom. Differentielle Categ., 27(2): 109-132, 1986. 

[Kel89] Gregory Maxwell Kelly. Elementary observations on 2-categorical limits. Bull. Austral. 
Math. Soc, 39(2) :30 1-317, 1989. 

[KT81] Herbert Frederick Kreimer and Mitsuhiro Takeuchi. Hopf algebras and Galois extensions 
of an algebra. Indiana Univ. Math. J., 30(5):675-692, 1981. 

[Law63] F. William Lawvere. Functorial semantics of algebraic theories. Proc. Nat. Acad. Sci. 
U.S.A., 50:869-872, 1963. 

[Lei04] Tom Leinster. Higher operads, higher categories, volume 298 of London Mathematical 
Society Lecture Note Series. Cambridge University Press, Cambridge, 2004. 

[Lin66] F. E. J. Linton. Some aspects of equational categories. In Proc. Conf. Categorical 
Algebra (La Jolla, Calif., 1965), pages 84-94. Springer, New York, 1966. 

[Lur04] Jacob Lurie. Tannaka duality for geometric stacks, 

http : //arxiv . org/abs/iiiath/0412266, 2004. 

[Lur07a] Jacob Lurie. Derived algebraic geometry ii: Noncommutative algebra, 
http : //arxiv . org/abs/math/0702299, 2007. 

[Lur07b] Jacob Lurie. Derived algebraic geometry iii: Commutative algebra, 

http : //arxiv . org/abs/math/0703204, 2007. 

[Lur09a] Jacob Lurie. Derived algebraic geometry v: Structured spaces. 

http://arxiv.org/abs/0905.0459, 05 2009. 

[Lur09b] Jacob Lurie. Higher topos theory, volume 170 Annals of Mathematics Studies. Prince- 
ton University Press, Princeton, NJ, 2009. 

[Mag74] Andy R. Magid. The separable Calais theory of commutative rings. Marcel Dekker Inc., 
New York, 1974. Pure and Applied Mathematics, No. 27. 

[Mil80] James S. Milne. Etale cohomology, volume 33 of Princeton Mathematical Series. Prince- 
ton University Press, Princeton, N.J., 1980. 

[ML98] Saunders Mac Lane. Categories for the working mathematician, volume 5 of Graduate 
Texts in Mathematics. Springer- Verlag, New York, 1998. 



48 



[MLM94] Saunders Mac Lane and leke Moerdijk. Sheaves in geometry and logic. Universitext. 

Springer- Verlag, New York, 1994. A first introduction to topos theory, Corrected reprint 
of the 1992 edition. 

[Nus06] Phihppe Nuss. Galois- Azumaya extensions and the Brauer-Galois group of a commu- 
tative ring. Bull. Belg. Math. Soc. Simon Stevin, 13(2):247-270, 2006. 

[Por08] Hans-E. Porst. On categories of monoids, comonoids, and bimonoids. Quaest. Math., 
31(2):127-139, 2008. 

[StrSO] Ross Street. Fibrations in bicategories. Cahiers Topologie Geom. Differentielle, 
21(2):111-160, 1980. 

[Str87] Ross Street. Correction to: "Fibrations in bicategories" [Cahiers Topologie Geom. 

Differentielle 21 (1980), no. 2, 111-160; MR0574662 (811:18028)]. Cahiers Topologie 
Geom. Differentielle Gateg., 28(l):53-56, 1987. 

[Toe09] Bertrand Toen. Higher and derived stacks: a global overview. In Algebraic geometry — 
Seattle 2005. Part 1, volume 80 of Proc. Sympos. Pure Math., pages 435-487. Amer. 
Math. Soc, Providence, RI, 2009. 

[Tri06] Todd Trimble. Notes on tetracategories. http : //math . ucr . edu/home/baez/ triiiible/tetracategori« 
2006. 

[TV04] Bertrand Toen and Gabriele Vezzosi. From HAG to DAG: derived moduli stacks. In 
Axiomatic, enriched and motivic homotopy theory, volume 131 of NATO Sci. Ser. II 
Math. Phys. Ghem., pages 173-216. Kluwer Acad. Publ., Dordrecht, 2004. 

[TV05] Bertrand Toen and Gabriele Vezzosi. Homotopical algebraic geometry. I. Topos theory. 
Adv. Math., 193(2):257-372, 2005. 

[TV08] Bertrand Toen and Gabriele Vezzosi. Homotopical algebraic geometry. II. Geometric 
stacks and applications. Mem. Amer. Math. Soc, 193(902) :x-h224, 2008. 

[TWZ07] Xiang Tang, Alan Weinstein, and Chenchang Zhu. Hopfish algebras. Pacific J. Math., 
231(1):193-216, 2007. 

[Ulb89] K.-H. Ulbrich. Fibre functors of finite-dimensional comodules. Manuscripta Math., 
65(l):39-46, 1989. 

[Ulm71a] Friedrich Ulmer. The adjoint functor and the Yoneda embedding. Illinois J. Math., 
15:355-361, 1971. 

[Ulm71b] Friedrich Ulmer. Locally a-presentable and locally a-generated categories. In Reports 
of the Midwest Category Seminar, V (Zurich, 1970), pages 230-247. Lecture Notes in 
Math., Vol. 195. Springer, Berlin, 1971. 



49 



